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Preface

This book is based on a series of lectures that I gave at the Geometry
and Analysis Seminar held in the Mathematical Sciences Institute of the
Australian National University in October–November, 2005. For some time
now I have been interested in characterizations of complex manifolds by their
holomorphic automorphism groups, and my lectures summarized the results
that I obtained in this direction (on some occasions jointly with S. Krantz
and N. Kruzhilin) for the class of Kobayashi-hyperbolic manifolds during
2000–2005, with the majority of results produced in 2004–2005.

Here I give a coherent exposition (that includes complete proofs) of
results describing hyperbolic manifolds for which the automorphism group
dimensions are “sufficiently high” (this will be made precise in Chap. 1). The
classification problem for hyperbolic manifolds with high-dimensional auto-
morphism group can be thought of as a complex-geometric analogue of that
for Riemannian manifolds with high-dimensional isometry group, which in-
spired many results in the 1950’s-70’s. Although the methods presented in
the book are almost entirely different from those utilized in the Riemannian
case, there is a common property that made these classifications possible: both
the action of the holomorphic automorphism group of a hyperbolic manifold
and the action of the isometry group of a Riemannian manifold are proper on
the respective manifolds.

The book is organized as follows. In Chap. 1 I give a precise formulation
of the classification problem that will be solved and summarize the main tools
used in our arguments throughout the book. The classification problem splits
into the homogeneous and non-homogeneous cases. The homogeneous case is
treated in Chap. 2, whereas the more interesting non-homogeneous case from
which the majority of manifolds arise occupies Chaps. 3–5. The general scheme
for classifying non-homogeneous manifolds is, firstly, to describe all possible
orbits (they turn out to have codimension 1 or 2) and, secondly, to study
ways in which they can be joined together to form a hyperbolic manifold.
The most challenging part of the arguments is dealing with Levi-flat and
codimension 2 orbits, which becomes especially involved for 2-dimensional
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hyperbolic manifolds with 3-dimensional automorphism group considered in
Chap. 5.

The book concludes with a discussion of possible generalizations of the
classification results to the case of not necessarily hyperbolic complex man-
ifolds that admit proper effective actions by holomorphic transformations of
Lie groups of sufficiently high dimensions (see Chap. 6).

Before proceeding, I would like to thank Dmitri Akhiezer, Michael
Eastwood, Gregor Fels, Wilhelm Kaup and Stefan Nemirovski for many valu-
able comments that helped improve the manuscript.

Canberra
November 2006 Alexander Isaev
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Introduction

1.1 The Automorphism Group as a Lie Group

For a locally connected locally compact Hausdorff topological space X, let
H(X) be the group of homeomorphisms of X. We equip H(X) with the
compact-open topology which is the topology with subbase given by all sets of
the form

{f ∈ H(X) : f(K) ⊂ U} ,

where K ⊂ X is compact and U ⊂ X is open. It is well-known that H(X) is
a topological group in this topology (see [Ar]). Every subgroup G ⊂ H(X) is
a topological group in the topology induced from that of H(X); we call it the
compact-open topology on G.

Let now M be a connected complex manifold, and Aut(M) the group
of holomorphic automorphisms of M . Our immediate goal is to identify sit-
uations when one can introduce on Aut(M) a Lie group structure in the
compact-open topology. Due to classical results of Bochner and Montgomery,
the group Aut(M) is a Lie transformation group whenever it is locally com-
pact (see [BM1], [BM2], [MZ]). We will now formulate a sufficient condition
for the local compactness of general topological groups acting on manifolds.

A topological group G is said to act continuously by diffeomorphisms on
a smooth manifold N , if a continuous homomorphism Φ : G → Diff(N) is
specified, where Diff(N) is the group of all diffeomorphisms of N onto itself
equipped with the compact-open topology. The continuity of Φ is equivalent
to the continuity of the action map

G × N → N, (g, p) �→ gp,

where gp := Φ(g)(p) (see [Du]). We will only be interested in effective actions,
i.e. actions for which Φ is injective. The action of G on N is called proper, if
the map

Ψ : G × N → N × N, (g, p) �→ (gp, p),
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is proper, i.e. for every compact subset C ⊂ N×N its inverse image Ψ−1(C) ⊂
G×N is compact as well. In the rich theory of Lie group actions on manifolds,
work has been traditionally focused on compact groups. However, already the
work of Palais (see [Pa]) on the existence of slices drew attention to the much
larger class of proper actions that turned out to possess many of the good
properties of compact group actions. Proper actions will be central to our
exposition. For a complex manifold M we will be interested in proper actions
by holomorphic transformations on M , in which case the group Diff(M) is
replaced with the smaller group Aut(M). We will formulate and utilize some
of the properties of proper actions in later sections. Here we only note that it
follows directly from the definition above (see e.g. [Ak]) that a group acting
properly on a manifold is locally compact. More information on proper group
actions can be found in [Bi], [DK].

It was shown by Kaup in [Ka] that the Aut(M)-action on M is proper
if M admits a continuous Aut(M)-invariant distance function. We will now
describe a large class of manifolds with this property. First, on every connected
complex manifold we introduce a pseudodistance known as the Kobayashi
pseudodistance (see [Ko1]). Let ∆ := {z ∈ C : |z| < 1} be the unit disk in C.
The Poincaré distance on ∆ is defined as

ρ(p, q) :=
1
2

ln
1 +

∣
∣
∣
∣

p − q

1 − pq

∣
∣
∣
∣

1 −
∣
∣
∣
∣

p − q

1 − pq

∣
∣
∣
∣

,

where p, q ∈ ∆. The Kobayashi pseudodistance on M can now be introduced
as follows:

KM (p, q) = inf
m∑

j=1

ρ(sj , tj),

for all p, q ∈ M , where the inf is taken over all m ∈ N, all pairs of points
{sj , tj}j=1,...,m in ∆ and all collections of holomorphic maps {fj}j=1,...,m from
∆ into M such that f1(s1) = p, fm(tm) = q, and fj(tj) = fj+1(sj+1) for
j = 1, . . . , m − 1. It is straightforward to verify that KM is a pseudodistance
on M , and one can easily think of examples when KM is not a distance, that is,
when KM (p, q) = 0 for some p, q ∈ M , p �= q. The Kobayashi pseudodistance
does not increase under holomorphic maps, i.e. for any holomorphic map f
between two complex manifolds M1 and M2 we have

KM2 (f(p), f(q)) ≤ KM1(p, q), (1.1)

for all p, q ∈ M1. In particular, KM is Aut(M)-invariant.
A complex manifold M for which the pseudodistance KM is a distance

function is called Kobayashi-hyperbolic or simply hyperbolic. For every mani-
fold, KM is continuous on M ×M and, if M is hyperbolic, then KM induces
the topology of M (see [Roy], [Ba]). It now follows from the discussion above
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that if M is hyperbolic, then Aut(M) is a Lie group in the compact-open
topology.

The class of hyperbolic manifolds is quite large. In fact, it cannot be ex-
panded by means of considering other pseudodistances that do not increase
under holomorphic maps. Indeed, the Kobayashi pseudodistance possesses a
maximality property that we will now formulate. We say that an assignment
of a pseudodistance dM to every connected complex manifold M is a Schwarz-
Pick system if:

(i) d∆ = ρ;

(ii) for every holomorphic map f between two complex manifolds M1 and M2

we have
dM2 (f(p), f(q)) ≤ dM1(p, q),

for all p, q ∈ M1.

Clearly, dM is Aut(M)-invariant for every M . It turns out that {KM} is the
largest Schwarz-Pick system, that is, KM0(p, q) ≥ dM0(p, q) for every complex
manifold M0, every p, q ∈ M0 and every Schwarz-Pick system {dM} (see e.g.
[Di]). In particular, if for some Schwarz-Pick system {dM} and some manifold
M0 the pseudodistance dM0 is in fact a distance, then M0 is hyperbolic.

Consider, for example, for every connected complex manifold M , the clas-
sical Carathéodory pseudodistance defined as follows:

CM (p, q) := sup
f

ρ(f(p), f(q)),

where p, q ∈ M and the sup is taken over all holomorphic maps f : M →
∆. It is easy to show that {CM} is a Schwarz-Pick system (in fact, it is
the smallest Schwarz-Pick system, that is, CM0(p, q) ≤ dM0(p, q) for every
complex manifold M0, every p, q ∈ M0 and every Schwarz-Pick system {dM}
(see e.g. [Di])). Clearly, CM is a distance function on every M for which
points can be separated by bounded holomorphic functions (for example, on
bounded domains in complex space). Hence all such manifolds are hyperbolic.
There are, however, many more hyperbolic manifolds than those on which the
Carathéodory pseudodistance is non-degenerate. For example, every compact
complex manifold M not containing entire curves (that is, for which every
holomorphic map from C into M is constant) is hyperbolic (see [Br]), while
CM ≡ 0 for compact M .

Apart from pseudodistances associated with Schwarz-Pick systems, there
are distance functions invariant under biholomorphic maps but not necessar-
ily non-increasing under arbitrary holomorphic maps. Such distances arise,
for example, from the Bergman and Kähler-Einstein Hermitian metrics. The
interested reader will find comprehensive treatments of the subject of invari-
ant (pseudo)distances and (pseudo)metrics in [Di], [FV], [IKra1], [JP], [Ko1],
[PoS], [Wu].
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From now on M will denote a connected hyperbolic manifold. For such
a manifold, we will work with the group G(M) := Aut(M)0, the connected
component of the identity of Aut(M) (generally, for any topological group
G, we denote by G0 the connected component of the identity of G). Our
arguments throughout the book heavily rely on the fact that the action of
G(M) is proper on M . In fact, most of our results can be generalized to the
case of complex manifolds that admit proper effective actions by holomorphic
transformations of certain groups (see Chap. 6).

1.2 The Classification Problem

The ultimate goal of this book is to obtain a complete classification of hy-
perbolic manifolds with “large” automorphism group, where we say that the
group is large, whenever its dimension d(M) := dim Aut(M) is sufficiently
high. Before formulating the classification problem precisely, we remark that
it is reminiscent of that for Riemannian manifolds with high-dimensional isom-
etry group. It was shown in [MS] that, for a smooth Riemannian manifold N ,
the group Isom(N) of all isometries of N is a Lie group in the compact-open
topology. Indeed, it was proved in [MS] that Isom(N) coincides with the group
Isomd(N) of all isometries of N regarded as a metric space with the distance
function d arising from the Riemannian metric. The distance d induces the
topology of N and thus turns N into a locally compact metric space. It then
follows from [vDvdW] that the group Isomd(N) acts properly on N and there-
fore, arguing as in the previous section, we obtain that Isom(N) is a Lie group
(note, however, that the original argument in [MS] was different since the re-
sults of Bochner and Montgomery were not available at the time). By using
the properness of the Isom(N)-action on N , it is straightforward to show that
dim Isom(N) ≤ m(m + 1)/2, where m := dim N . Furthermore, it turns out
that the maximal value m(m + 1)/2 is realized only for a manifold isomet-
ric to one of R

m, Sm, RP
m, H

m (the m-dimensional hyperbolic space) – see
[Ko2]. Riemannian manifolds with lower isometry group dimensions were ex-
tensively studied in the 1950’s-70’s and a substantial number of classification
results were obtained. The proofs relied to a great extent on the properness
of the Isom(N)-action on N . We refer the interested reader to [Ko2] and
references therein for further details.

We now return to studying hyperbolic manifolds. Let n := dimCM . First
we will obtain an upper bound for d(M); specifically, we will show that
d(M) ≤ n2 + 2n (see [Ka], [Ko1]). For p ∈ M define its orbit as O(p) :=
{gp : g ∈ G(M)} and its isotropy subgroup as Ip := {g ∈ G(M) : gp = p}. The
properness of the G(M)-action on M implies that O(p) is a closed submanifold
in M and that Ip is compact in G(M) (see [Bi], [DK] for surveys on proper
actions). Let Lp := {dgp : g ∈ Ip} be the linear isotropy subgroup where dgp

denotes the differential of a map g ∈ Ip at p. Clearly, Lp is a subgroup of
GL(C, Tp(M)), where Tp(M) is the tangent space to M at p. Consider the
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isotropy representation of Ip:

αp : Ip → Lp, g �→ dgp. (1.2)

The results of [Bo] (see also [MZ]) imply that αp is faithful (this is also a
consequence of the classical uniqueness theorem due to H. Cartan – see [CaH]).
Since αp is in addition continuous, it further follows that Lp is a compact
subgroup of GL(C, Tp(M)) isomorphic to Ip as a Lie group. In particular,
there exist coordinates in Tp(M) in which Lp becomes a subgroup of the
unitary group Un. Hence dim Lp ≤ n2. Therefore, we have

d(M) = dim Ip + dim O(p) ≤ n2 + 2n. (1.3)

We will first of all explore the largest possible automorphism group di-
mension n2 + 2n. Let B

n denote the unit ball in C
n (we usually write ∆ for

B
1). The group Aut(Bn) consists of all maps of the form

z �→ Az + b

cz + d
, (1.4)

where (
A b
c d

)

∈ SUn,1

(see e.g. [Ru]). It then follows that Aut(Bn) is isomorphic to PSUn,1 :=
SUn,1/Z, where Z is the center of SUn,1, and therefore d(Bn) = n2 + 2n.
The following converse implication is well-known.

Theorem 1.1. ([Ka], [Ko1]) Let M be a connected hyperbolic manifold of
dimension n. Suppose that d(M) = n2 + 2n. Then M is holomorphically
equivalent to B

n.

Before proving Theorem 1.1 we will give a useful definition. If M is any
complex manifold, p a point in M and L a subgroup in GL(C, Tp(M)), then
we say that L acts transitively on real directions in Tp(M), if for any two
non-zero vectors v1, v2 ∈ Tp(M) there exists g ∈ L such that gv1 = λv2 for
some λ ∈ R

∗. Similarly, we say that L acts transitively on complex directions
in Tp(M), if in the above definition λ is assumed to be complex.

Proof of Theorem 1.1: Since d(M) = n2 + 2n, for every p ∈ M we have
dim Lp = n2, that is, in some coordinates in Tp(M) the group Lp coincides
with Un. In particular, Lp acts transitively on real directions in Tp(M). Fur-
ther, since d(M) > 0, the manifold M is non-compact (otherwise M would
contain an entire curve – see [Ko1]). By the result of [GK], every n-dimensional
connected non-compact complex manifold M on which a compact group
K ⊂ Aut(M) acts with a fixed point q in such a way that the action of
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the group αq(K)1 is transitive on real directions in Tq(M), is holomorphi-
cally equivalent to either B

n or C
n. Since M is hyperbolic, we obtain that M

is equivalent to B
n, as required.

Remark 1.2. The above proof is different from those given in [Ka], [Ko1]. The
general result of [GK] that we have used, along with its analogue for compact
manifolds obtained in [BDK], will be a standard tool throughout the book
(see Theorems 1.7 and 1.11 in Sect. 1.4). Note that it is shown in [BDK] that
if the dimension of the manifold is bigger than 1, it is sufficient to assume
in Theorem 1.7 (cf. Theorem 1.11) that αp(K) acts transitively on complex
directions in Tp(M) (see Remark 1.9). We also observe that, instead of using
Theorem 1.7, in the proof of Theorem 1.1 we could refer to the classification
of isotropic Riemannian manifolds in the way it was done in [Ak].

From now on we assume that d(M) < n2 + 2n. Our goal is to find an
explicit classification of hyperbolic manifolds with sufficiently large (certainly
positive) values of d(M), and we will now derive a lower bound for d(M)
beyond which an explicit classification for every n seems impossible. Since
all Riemann surfaces with positive-dimensional automorphism group are well-
known (see e.g. [FK]), we assume that n ≥ 2. The lower bound can be obtained
by considering Reinhardt domains in C

n, that is, domains invariant under the
rotations

zj �→ eiψj zj , ψj ∈ R, j = 1, . . . , n.

Most Reinhardt domains have no automorphisms other than these rotations
and hence have an n-dimensional automorphism group. In particular, if D is
a generic hyperbolic Reinhardt domain in C

2, then d(D) = 2 = n2 − 2. Such
Reinhardt domains in C

2 cannot be explicitly described, thus there exists no
explicit classification of hyperbolic manifolds with d(M) = n2 − 2 for n = 2.
We will now make this argument more precise and give an example of a fam-
ily of pairwise holomorphically non-equivalent smoothly bounded Reinhardt
domains in C

2 with automorphism group of dimension 2 (see [I2]). This fam-
ily is parametrized by sets in R

2 that satisfy only very mild conditions. In
particular, no explicit formulas describe the domains in the family.

Choose a set Q ⊂ R
2
+ := {(x, y) ∈ R

2 : x ≥ 0, y ≥ 0} in such a way that
the associated set in C

2

DQ :=
{

(z1, z2) ∈ C
2 : (|z1|, |z2|) ∈ Q

}

is a smoothly bounded Reinhardt domain and contains the origin. By [Su],
two bounded Reinhardt domains containing the origin are holomorphically
equivalent if and only if one is obtained from the other by means of a dilation

1The isotropy representation is defined and continuous for any – not necessarily
hyperbolic – complex manifold, and we will sometimes use this term, as well as the
notation αp, in this broader context. Here αq(K) := {dgq : g ∈ K}.
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and permutation of coordinates. In [FIK] all smoothly bounded Reinhardt do-
mains with non-compact automorphism group were listed. All these domains
contain the origin, and it is not difficult to choose Q so that DQ is not holo-
morphically equivalent to any of the domains from [FIK] thus ensuring that
Aut(DQ) is compact. It then follows from the explicit description of the auto-
morphism groups of bounded Reinhardt domains (see [Kru], [Sh]) that G(DQ)
is isomorphic to either U2 or U1 × U1. Theorem 1.9 of [GIK] now yields that
there does not exist a hyperbolic Reinhardt domain in C

2 containing the origin
for which the automorphism group is compact and four-dimensional. Hence
G(DQ) is in fact isomorphic to U1 ×U1 and thus d(DQ) = 2. The freedom in
choosing a set Q ⊂ R

2
+ that satisfies the above requirements is very substan-

tial, and by varying Q one can produce a family of pairwise non-equivalent
Reinhardt domains DQ that cannot be described by explicit formulas.

While it is possible that there is some classification for n ≥ 3, d(M) =
n2 − 2, as well as for particular pairs n, d(M) with d(M) < n2 − 2 (see e.g.
[GIK] for a study of Reinhardt domains from the point of view of automor-
phism group dimensions), we will be only interested in situations when an
explicit classification exists for all values of n. In this book we give a com-
plete explicit classification of connected hyperbolic n-dimensional manifolds
with d(M) within the following range:

n2 − 1 ≤ d(M) < n2 + 2n. (1.5)

1.3 A Lacuna in Automorphism Group Dimensions

In this section we will show that most values at the top of range (1.5) do not
in fact realize.

Theorem 1.3. ([IKra2]) There does not exist a connected hyperbolic mani-
fold M of dimension n ≥ 2 with n2 + 3 ≤ d(M) < n2 + 2n.

Proof: Suppose that M is a connected hyperbolic manifold M of dimension
n ≥ 2 with n2 + 3 ≤ d(M) < n2 + 2n. Fix a point p ∈ M . We have

d(M) = dim Ip + dimO(p) ≤ dim Ip + 2n,

which yields the estimate

dim Ip ≥ n2 − 2n + 3.

Recall that the group Ip is isomorphic to the linear isotropy subgroup Lp ⊂
Un ⊂ GLn(C) � GL(C, Tp(M)) by means of the isotropy representation αp.
We now need the following lemma.

Lemma 1.4. ([IKra2]) Let G ⊂ Un be a connected closed subgroup, n ≥ 2.
Suppose that dimG ≥ n2 − 2n + 3. Then either G = Un, or G = SUn, or
n = 4 and G is conjugate in U4 to eiRSp2, where Sp2 denotes the compact
real form of Sp4(C).2

2Here we follow the notation introduced in [VO].
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Proof of Lemma 1.4: Since G is compact, its natural representation on C
n

is completely reducible, that is, C
n splits into the sum of G-invariant pairwise

orthogonal complex subspaces:

C
n = V1 ⊕ . . . ⊕ Vk,

such that for every j the restriction Gj of G to Vj defines an irreducible
representation of G. Let nj := dimCVj (we have n1 + . . . + nk = n), and
Unj

be the group of unitary transformations of Vj . Gj ⊂ Unj
and therefore

dim Gj ≤ n2
j for every j. Hence we have

n2 − 2n + 3 ≤ dim G ≤ n2
1 + . . . + n2

k.

It follows from the above inequalities that k = 1, that is, G acts irreducibly
on C

n.
Let g ⊂ un ⊂ gln be the Lie algebra of G and gC := g + ig ⊂ gln its

complexification (here and everywhere below gln denotes the Lie algebra of
all matrices of size n with complex elements). Since G is connected, gC acts
irreducibly on C

n and, by a theorem of E. Cartan (see e.g. [GG]), gC either is
semisimple or is the direct sum of a semisimple ideal h and the center of gln
(which is isomorphic to C). Clearly, in the latter case the action of h on C

n is
irreducible.

Suppose first that gC is semisimple. Let gC = g1⊕. . .⊕gm be the decompo-
sition of gC into the direct sum of simple ideals. Then the natural irreducible
n-dimensional representation of gC (given by the embedding of gC in gln) is
the tensor product of some irreducible faithful representations of the ideals gj

(see e.g. [GG]). Let lj be the dimension of the corresponding representation
of gj , j = 1, . . . ,m. Then lj ≥ 2, dimC gj ≤ l2j − 1, and n = l1 · . . . · lm. The
following observation is straightforward.

Claim: If n = l1 · . . . · lm, m ≥ 2, lj ≥ 2 for j = 1, . . . , m, then
∑m

j=1 l2j ≤ n2 − 2n.

It follows from the claim that m = 1, i.e. gC is simple. The minimal dimensions
of irreducible faithful representations of complex simple Lie algebras s are well-
known (see e.g. [VO]). In the table below V denotes the representation space
of minimal dimension.

s dim V dim s

slk k ≥ 2 k k2 − 1
ok k ≥ 7 k k(k − 1)/2
sp2k k ≥ 2 2k 2k2 + k
e6 27 78
e7 56 133
e8 248 248
f4 26 52
g2 7 14
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Since dimCgC ≥ n2 − 2n + 3, it follows that gC � sln, which implies that
g � sun, and therefore G = SUn.

Suppose now that gC = C ⊕ h, where h is a semisimple ideal in gC. Then,
repeating the above argument for h in place of gC and taking into account
that dimCh ≥ n2 − 2n + 2, we conclude that h � sln for n �= 4. Therefore, for
n �= 4, we have g = gln and hence G = Un. For n = 4 we have either h � sl4

or h � sp4. We thus find that either G = U4 or gC � C ⊕ sp4, respectively.
Further, we observe that every irreducible 4-dimensional representation of
sp4 is equivalent to its defining representation (which is the first fundamental
representation of sp4). This implies that G is conjugate in GL4(C) to eiRSp2.
Since G ⊂ U4, it is straightforward to show that the conjugating element
can be chosen to belong to U4 (in fact, one can prove that every element
g ∈ GL4(C) such that gSp2g

−1 ⊂ U4, has the form g = λU , where λ > 0 and
U ∈ U4).

The proof of Lemma 1.4 is complete.

Theorem 1.3 immediately follows from Lemma 1.4. Indeed, the lemma
implies that Lp acts transitively on real directions in Tp(M) (note that the
standard action of Sp2 on the 7-dimensional sphere in C

4 is transitive) and,
arguing as in the proof of Theorem 1.1 (see also Remark 1.2), we obtain that
M is holomorphically equivalent to B

n. Clearly, this is impossible, and the
proof of the theorem is complete.

In the forthcoming chapters we will classify connected hyperbolic n-
dimensional manifolds M for which n2 − 1 ≤ d(M) ≤ n2 + 2. We will
separately consider two cases: that of homogeneous manifolds and that of
non-homogeneous ones. Here a connected manifold M is called Aut(M)-
homogeneous or simply homogeneous if the group Aut(M) acts transitively
on M , where we say in general that a group G acts transitively on a mani-
fold N if for every p, q ∈ N there exists an element g ∈ G such that gp = q
(observe that for a connected N this implies that the group G0 acts on N
transitively as well). The homogeneous case is considered in the next chapter,
and the more involved non-homogeneous case occupies Chaps. 3–5.

Before proceeding with our solution to the classification problem, we sur-
vey the main tools used throughout the book.

1.4 Main Tools

To deal with the homogeneous case we use the theory of Siegel domains of the
second kind in C

n, i.e. domains of the form
{

(z, w) ∈ C
n−k × C

k : Im w − F (z, z) ∈ C
}

, (1.6)

where 1 ≤ k ≤ n, C is an open convex cone in R
k not containing an entire

line, and F = (F1, . . . , Fk) is a C
k-valued Hermitian form on C

n−k × C
n−k
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such that F (z, z) ∈ C \ {0} for all non-zero z ∈ C
n−k. Observe that for

k = 1 all such domains are equivalent to B
n. Siegel domains of the second

kind were introduced by Pyatetskii-Shapiro (see [P-S]) with the purpose of
generalizing the classical symmetric domains (all symmetric domains were
determined by E. Cartan in [CaE2]), and therefore sometimes are called the
Pyatetskii-Shapiro domains in the literature. For brevity we call them Siegel
domains. The monographs [P-S] and [Sa] are a good source of information on
such domains.

Siegel domains are unbounded by definition, but in fact every such do-
main has a bounded realization and hence is hyperbolic. We are interested
in these domains since it turns out that every homogeneous hyperbolic mani-
fold is holomorphically equivalent to a Siegel domain (note, however, that not
every Siegel domain is homogeneous). This result is due to Nakajima (see [N])
and solves a problem posed by Kobayashi (see [Ko1]). The techniques used
to obtain it go back to the fundamental theorem of Vinberg, Gindikin and
Pyatetskii-Shapiro for homogeneous bounded domains (see [P-S]).

To determine all homogeneous Siegel domains D with n2 − 1 ≤ d(D) ≤
n2 + 2 we utilize the well-known description of the Lie algebra g(D) of the
group Aut(D). We will write it as a Lie algebra of certain holomorphic vector
fields on D.

In general, if a Lie group G acts effectively on a complex manifold M by
holomorphic transformations, then the Lie algebra g of G is isomorphic to the
Lie algebra of G-vector fields on M . A holomorphic vector field X on M is
called a G-vector field if there exists a ∈ g such that for all p ∈ M we have

X(p) =
d

dt

[

exp(ta)p
]∣
∣
∣
t=0

.

By [KMO], for a Siegel domain D the algebra g(D) is a graded Lie algebra:

g(D) = g−1(D) ⊕ g−1/2(D) ⊕ g0(D) ⊕ g1/2(D) ⊕ g1(D), (1.7)

where g−1(D) consists of all vector fields of the form

b
∂

∂w
, b ∈ R

k, (1.8)

g−1/2(D) consists of all vector fields of the form

c
∂

∂z
+ 2iF (z, c)

∂

∂w
, c ∈ C

n−k, (1.9)

and g0(D) is the Lie algebra of all vector fields of the form

Az
∂

∂z
+ Bw

∂

∂w
, (1.10)

where A ∈ gln−k, B belongs to the Lie algebra glin(C) of the group Glin(C) of
linear automorphisms of the cone C, and the following holds:
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F (Az, z) + F (z,Az) = BF (z, z), (1.11)

for all z ∈ C
n−k. Moreover, dim gj(D) ≤ dim g−j(D) for j = 1/2, 1. Further-

more, the components g1/2(D) and g1(D) also admit explicit descriptions.
These descriptions are quite involved and to avoid giving bulky formulas here
we refer the reader to [Sa], pp. 213–219. Using the above structure of g(D)
together with the constraint n2 − 1 ≤ d(D) ≤ n2 + 2 we show that k cannot
be large (in most cases k ≤ 2). This allows us to explicitly find all possible
cones C and eventually determine all homogeneous Siegel domains D with
n2 − 1 ≤ d(D) ≤ n2 + 2 in Theorem 2.2. We remark here that this technique
also works for some values of d(D) below n2 − 1.

We will now turn to the non-homogeneous case. It will be shown in Propo-
sition 2.1 that non-homogeneous manifolds can only occur for d(M) = n2 − 1
and d(M) = n2. To obtain a classification in these cases we first classify the
orbits of the G(M)-action on M and then join them together to form hy-
perbolic manifolds. The classification of orbits is done, in part, by utilizing
the methods of CR-geometry, and we will now give a brief introduction to it.
Comprehensive surveys on CR-geometry can be found in [Tu], [Ch].

A CR-structure on a smooth connected manifold N of dimension m is
a smooth distribution of subspaces in the tangent spaces T c

p (N) ⊂ Tp(N),
p ∈ N (a subbundle T c(N) of the tangent bundle T (N)), with operators of
complex structure Jp : T c

p (N) → T c
p (N), J2

p ≡ −id, that depend smoothly
on p. A manifold N equipped with a CR-structure is called a CR-manifold.
The number CR dim N := dimCT c

p (N) does not depend on p and is called the
CR-dimension of N . The number CR codim N := m − 2CR dim N is called
the CR-codimension of N . Clearly, if N is a complex manifold (hence m is
even), it is also a CR-manifold of CR-dimension m/2 and CR-codimension 0.
At the other extreme, if for a CR-manifold N we have CR dim N = 0, then
N is called totally real. CR-structures naturally arise on real submanifolds of
complex manifolds. Indeed, if N is a real submanifold of a complex manifold
M , then one can define the distribution T c

p (N) as follows:

T c
p (N) := Tp(N) ∩ JpTp(N),

where Jp is the operator of complex structure in Tp(M). On each T c
p (N)

the operator Jp is then defined as the restriction of Jp to T c
p (N). Then

{T c
p (N), Jp}p∈N is a CR-structure on N , provided dimC T c

p (N) is constant.
This is always the case, for example, if N is a real hypersurface in M (in which
case CR codim N = 1). We say that such a CR-structure is induced by M , or
that N is a CR-submanifold of M .

A smooth map between two CR-manifolds f : N1 → N2 is called a CR-
map, if for every p ∈ N1: (i) dfp maps T c

p (N1) to T c
f(p)(N2), and (ii) dfp is

complex-linear on T c
p (N1). If for j = 1, 2 we have Nj ⊂ Mj where Mj is a

complex manifold and the CR-structure of Nj is induced by Mj , then for
every holomorphic map F : M1 → M2 such that F (N1) ⊂ N2, the restriction
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F |N1 is a CR-map from N1 into N2. Two CR-manifolds N1, N2 are called CR-
equivalent, if there is a diffeomorphism from N1 onto N2 which is a CR-map.
Such a diffeomorphism is called a CR-isomorphism, or CR-equivalence. A CR-
isomorphism of a CR-manifold onto itself is called a CR-automorphism. We
denote by AutCR(N) the group of all CR-automorphisms of a CR-manifold
N and equip it with the compact-open topology. The manifold N is called
CR-homogeneous if the group AutCR(N) acts transitively on N .

Let N be a CR-manifold. For every p ∈ N consider the complexification
T c

p (N) ⊗R C. Clearly, it can be represented as the direct sum

T c
p (N) ⊗R C = T (1,0)

p (N) ⊕ T (0,1)
p (N),

where
T

(1,0)
p (N) := {X − iJpX : X ∈ T c

p (N)},
T

(0,1)
p (N) := {X + iJpX : X ∈ T c

p (N)}.

The CR-structure on N is called integrable if for any local sections Z, Z ′ of
the bundle T (1,0)(N), the vector field [Z,Z ′] is also a local section of T (1,0)(N).
It is not difficult to see that if N is a CR-submanifold of a complex manifold
M then the CR-structure on N is integrable. We only consider integrable
CR-structures.

An important characteristic of a CR-structure called the Levi form comes
from taking commutators of local sections of T (1,0)(N) and T (0,1)(N). Let
p ∈ N , z, z′ ∈ T

(1,0)
p (N), and Z, Z ′ be local sections of T (1,0)(N) near p such

that Z(p) = z, Z ′(p) = z′. The Levi form of N at p is the Hermitian form on
T

(1,0)
p (N) with values in (Tp(N)/T c

p (N)) ⊗R C given by

LN (p)(z, z′) := i[Z,Z ′](p)(mod T c
p (N) ⊗R C).

The Levi form is defined uniquely up to the choice of coordinates in
(Tp(N)/T c

p (N)) ⊗R C, and, for fixed z and z′, its value does not depend on
the choice of Z and Z ′. The Levi-form is invariant under CR-isomorphisms
up to the choice of coordinates in (Tp(N)/T c

p (N)) ⊗R C.
If for a CR-manifold N we have LN ≡ 0, then N is called Levi-flat. For

a Levi-flat CR-manifold N the distribution {T c
p (N)}p∈N is involutive, that

is, if X and Y are local sections of T c(N), then so is [X,Y ]. The maximal
connected integral manifolds of this distribution form a foliation of N (see
[St]). They are (not necessarily closed) almost complex submanifolds of N
and are called the leaves of the foliation. For p ∈ N we denote by Np the leaf
passing through p. Due to the integrability of the CR-structure on N , the
almost complex structure on every leaf is also integrable, and by a theorem of
Newlander and Nirenberg (see [NN]), the leaves are in fact complex manifolds.
It can now be shown (see [Ch]) that {Np}p∈N is a complex foliation of N , that
is, for every p ∈ N there exists a neighborhood V of p and a diffeomorphism
ϕ from V onto B

k ×U , where k := CR dim N and U is the unit ball in R
m−2k,
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such that for every q ∈ V the map ϕ maps Nq ∩ V biholomorphically onto
B

k × {t} for some t ∈ U (it clearly follows that ϕ is a CR-isomorphism).
Suppose now that CR codim N = 1. Then the dimension m is odd, and we

assume that m ≥ 3 (hence CR dim N ≥ 1). If for a point p ∈ N one can choose
coordinates in (Tp(N)/T c

p (N)) ⊗R C in such a way that LN (p) is a positive-
definite Hermitian form, the manifold M is called strongly pseudoconvex at
p. The manifold N is called strongly pseudoconvex if N is strongly pseudo-
convex at its every point. For example, if m ≥ 3 is odd, the unit sphere Sm

is a strongly pseudoconvex hypersurface in C
(m+1)/2 with the induced CR-

structure. For a strongly pseudoconvex CR-manifold N the group AutCR(N)
is known to be a Lie group (see [Ta], [CM], [BS2], [Sch]). It then follows that
a strongly pseudoconvex CR-homogeneous CR-manifold is real-analytic.

We will be interested, in particular, in so-called spherical CR-manifolds. A
CR-manifold N of dimension m ≥ 3 and CR-codimension 1 is called spherical
at a point p, if there exists a neighborhood of p which is CR-equivalent to an
open subset of Sm; otherwise N is called non-spherical at p. The manifold N
is called spherical if it is spherical at its every point; otherwise N is called
non-spherical.

We will now give sufficient conditions for the sphericity of a closed real-
analytic strongly pseudoconvex hypersurface N in a complex manifold M of
dimension n ≥ 2 with the induced CR-structure (here m = 2n − 1). Fix
p ∈ N . In some holomorphic coordinates z = (z1, . . . , zn−1), w = u + iv in a
neighborhood of p in M (in which p is the origin), the hypersurface N can
be written in the Chern-Moser normal form (see [CM]), that is, given by an
equation3

v = |z|2 + F (z, z, u),

with
F (z, z, u) =

∑

k,l≥2

Fkl(z, z, u),

where Fkl(z, z, u) are polynomials of degree k in z and l in z whose coefficients
are analytic functions of u such that the following conditions hold:

trF22 ≡ 0,
tr2 F23 ≡ 0,
tr3 F33 ≡ 0;

(1.12)

here the operator tr is defined as

tr :=
n−1∑

α=1

∂2

∂zα∂zα
.

Coordinates in which N is represented in the Chern-Moser normal form near
p are called normal coordinates at p. For n ≥ 3 the point p is called umbilic,

3Here and everywhere below | · | denotes the standard norm in C
k for any k.
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if F22 ≡ 0 for some choice of normal coordinates at p. The point p is called
umbilic for n = 2 if in some normal coordinates at p we have F24 ≡ 0 (note
that it follows from conditions (1.12) that F22 ≡ F23 ≡ F33 ≡ 0 if n = 2).
The definition of umbilic point is in fact independent of the choice of normal
coordinates. If N is spherical at p then in any normal coordinates at p we have
F ≡ 0, hence every point in a neighborhood of p in N is umbilic. Conversely,
it is well-known (see e.g. [Tu]) that N is spherical at p if every point in a
neighborhood of p in N is umbilic.

Let Autp(N) denote the group of all local CR-automorphisms of N defined
near p and preserving it. This group is often called the stability group of N at
p. Fix normal coordinates (z, w) at p. Since N is real-analytic, every element
ϕ of Autp(N) extends to a biholomorphic map defined in a neighborhood of
p in M (see [BJT]), and therefore in the coordinates (z, w) can be written as

z �→ fϕ(z, w),
w �→ gϕ(z, w),

where fϕ and gϕ are holomorphic near p. We equip Autp(N) with the topology
of uniform convergence of the partial derivatives of all orders of the component
functions on a neighborhood of p in N . The group Autp(N) with this topology
is a topological group.

Assume first that N is spherical at p. Due to the Poincaré-Alexander
theorem (see [Alex]), every CR-isomorphism between open subsets of S2n−1

extends to an element of Aut(Bn). It then follows from formula (1.4) that
Autp(N) is a Lie group of dimension n2 + 1.

Assume now that N is non-spherical at p. It it shown in [CM] that every
element ϕ = (fϕ, gϕ) of Autp(N) is uniquely determined by a set of parameters
(Uϕ, aϕ, λϕ, rϕ), where Uϕ ∈ Un−1, aϕ ∈ C

n−1, λϕ > 0, rϕ ∈ R. These
parameters are found from the following relations:

λϕUϕ =
∂fϕ

∂z
(0), λϕUϕaϕ =

∂fϕ

∂w
(0),

λ2
ϕ =

∂gϕ

∂w
(0), λ2

ϕrϕ = Re
∂2gϕ

∂2w
(0).

By the results of [Be], [Lo], [BV] (see also [CM]), the non-sphericity of N at
p implies that for every element ϕ = (fϕ, gϕ) of Autp(N) one has λϕ = 1
and the parameters aϕ and rϕ are uniquely determined by the matrix Uϕ.
Moreover, the map

P : Autp(N) → GLn−1(C), P : ϕ �→ Uϕ

is a topological group isomorphism between Autp(N) and Gp(N) :=
P(Autp(N)) with Gp(N) being a real-algebraic subgroup of GLn−1(C). The
subgroup Gp(N) is closed in GLn−1(C), and we can pull back its Lie group
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structure to Autp(N) by means of P. Let dp(N) denote the dimension of
Autp(N) (equal to that of Gp(N)). Since Gp(N) is a closed subgroup of Un−1,
we have dp(N) ≤ (n − 1)2, and if dp(N) = (n − 1)2, then Gp(N) = Un−1.

Furthermore, the non-sphericity of N at p yields that the group Autp(N)
is linearizable, that is, in some normal coordinates at p every ϕ ∈ Autp(N)
can be written in the form

z �→ Uz,
w �→ w

(1.13)

for some U ∈ Un−1 (see [KL]). If all elements of Autp(N) in some coordinates
at p have the form (1.13), we say that Autp(N) is linear in these coordinates.

Suppose now that dp(N) = (n − 1)2. It then follows that, in normal coor-
dinates at p in which Autp(N) is linear, the function F is invariant under all
unitary transformations in the z-variables and therefore depends only on |z|2
and u. Conditions (1.12) then imply that F22 ≡ 0, F33 ≡ 0. Thus, F has the
form

F (z, z, u) =
∞∑

k=4

Ck(u)|z|2k, (1.14)

where Ck(u) are real-valued analytic functions of u (and due to the non-
sphericity of N at p for some k we have Ck(u) �≡ 0). Hence the following
proposition holds (where for N spherical at p we set dp(N) := n2 + 1).

Proposition 1.5. Let N be a closed real-analytic strongly pseudoconvex hy-
persurface in a complex manifold M of dimension n ≥ 2 and p a point in
N . Then dp(N) ≥ (n − 1)2 implies that p is umbilic. If, in addition, N is
CR-homogeneous, then it is spherical.

Furthermore, we will now show that the following is true (see [EzhI] for more
results in this direction).

Proposition 1.6. ([EzhI])Let N be a closed real-analytic strongly pseudo-
convex hypersurface in a complex manifold M of dimension n ≥ 3 and p a
point in N . Then dp(N) ≥ n2 − 4n + 6 implies that dp(N) ≥ (n − 1)2.

Proof: We only need to consider the case when N is non-spherical at p. If we
write N near p in normal coordinates at p in which Autp(N) is linear, then
the function F is invariant under all transformations from the closed subgroup
Gp(N) ⊂ Un−1. We have dim Gp(N) ≥ n2 − 4n + 6 = (n− 1)2 − 2(n− 1) + 3,
and Lemma 1.4 yields that either Gp(N) = Un−1 or Gp(N)0 = SUn−1. In the
first case we have dp(N) = (n−1)2. Assume now that Gp(N)0 = SUn−1. Then
the function F is invariant under all transformations in the z-variables given
by matrices from SUn−1 and therefore depends only on |z|2 and u (recall that
n ≥ 3). Thus F has the form (1.14), which implies that in fact Gp(N) = Un−1

contradicting our assumption. The proof is complete.
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In this book CR-manifolds appear as the orbits of the action of the group
G(M) on a hyperbolic manifold M . Indeed, since G(M) acts properly by holo-
morphic transformations, for every p ∈ M its orbit O(p) is a closed connected
real-analytic CR-homogeneous CR-submanifold of M .

Assume first that d(M) = n2 (this case is considered in Chap. 3). In the
proof of Proposition 3.2 we show by a simple dimension-counting argument
(that has its origin in the proof of Proposition 2.1) that for every p ∈ M the
following holds: (i) the codimension of O(p) in M is either 1 or 2; (ii) Lp acts
transitively on real directions in T c

p (O(p)); (iii) if the codimension of O(p) is
2, then O(p) is a complex hypersurface in M . Statement (ii) implies that if
the codimension of O(p) is 1, then O(p) is either strongly pseudoconvex or
Levi-flat.

Suppose first that the codimension of O(p) is 1 and O(p) is strongly pseudo-
convex. Then dim Ip = (n − 1)2, which yields that dp(O(p)) ≥ (n − 1)2, and
hence O(p) is spherical by Proposition 1.5. Therefore, the universal cover
Õ(p) of O(p) covers a homogeneous domain D ⊂ S2n−1 (see [BS1]), and,
since d(M) ≥ n2, we have dim AutCR(D) ≥ n2. All homogeneous domains in
S2n−1 were found in [BS1], and it is not difficult to single out those for which
dim AutCR(D) ≥ n2. The universal covers of such domains give a list of all
possibilities for Õ(p) which leads to a classification (up to CR-equivalence) of
all strongly pseudoconvex orbits (see Proposition 3.3) together with actions
of G(M) on them (see Proposition 3.4).

Further, in order to classify codimension 1 Levi-flat orbits, as well as orbits
of codimension 2, we need the following theorem.

Theorem 1.7. ([GK])Let M be a connected non-compact complex manifold
of dimension k ≥ 1 and p a point in M. Let K ⊂ Aut(M) be a compact
subgroup that fixes p and assume that the group αp(K) acts transitively on
real directions in Tp(M). Then M is holomorphically equivalent to either B

k

or C
k.

Recall that we used Theorem 1.7 in the proof of Theorem 1.1 (see also
Remark 1.2). We will sketch the proof of Theorem 1.7, as well as that of its
analogue for compact manifolds (Theorem 1.11), at the end of this section.

Assume now that O(p) is a codimension 1 Levi-flat orbit. Then O(p) is
foliated by (n − 1)-dimensional (not necessarily closed) connected complex
submanifolds of M . Consider the leaf O(p)p of the foliation passing through
p. Since M is hyperbolic and the Kobayashi pseudodistance does not increase
under holomorphic maps (see (1.1)), the manifold O(p)p is hyperbolic as well.
Further, the group Ip acts on O(p)p in such a way that the action of Lp

on real directions in T c
p (O(p)) = Tp(O(p)p) is transitive. Therefore, we have

d(O(p)p) > 0, which implies that O(p)p is non-compact (see [Ko1]). Now The-
orem 1.7 yields that O(p)p is holomorphically equivalent to B

n−1. Clearly, this
assertion holds for every leaf of the foliation of O(p). Using this fact, we show
in Proposition 3.5 that O(p) is CR-equivalent to either B

n−1×S1 or B
n−1×R

and determine the action of G(M) on O(p) (later we will see that the second
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possibility in fact does not realize). We emphasize that Proposition 3.5 is one
of the main statements of Chap. 3 and that its proof is non-trivial. Generally,
dealing with orbits that are not strongly pseudoconvex is the hardest part of
our arguments throughout the book.

Next, if O(p) is a complex hypersurface in M , the argument that we have
just applied to O(p)p gives that O(p) is holomorphically equivalent to B

n−1.
We also remark (see the proof of Proposition 3.2) that there are at most two
orbits of codimension 2 in M . This follows from the existence of at least one
orbit of codimension 1 and from the well-known description of the orbit space
of proper group actions with codimension 1 orbits (see [AA]).

Having obtained the above classification of orbits, we study ways in which
they can be joined together to form a hyperbolic manifold M with d(M) =
n2. For this purpose we develop an orbit gluing procedure that describes
how orbits of codimension 1 can be glued into a hyperbolic manifold. This
procedure is stated in detail in Sect. 3.4. Using the procedure we list all
possibilities for the manifold M ′ which is obtained from M by removing all
(at most two) orbits of codimension 2. Finally, if a codimension 2 orbit O is
present in M , for every p0 ∈ O we introduce the Ip0-invariant set

Kp0 := {p ∈ M ′ : Ip ⊂ Ip0} (1.15)

that approaches O at p0 and use these sets (that turn out to be complex
curves) to attach orbits of codimension 2 to the known possibilities for M ′ (see
Sect. 3.4). As a result of our considerations, it turns out that in fact only one
orbit of codimension 2 can occur. For any of the resulting hyperbolic manifolds
M we have d(M) ≥ n2, and in order to obtain a complete classification for
the case d(M) = n2, it only remains to rule out manifolds with d(M) > n2.
This finalizes the proof of the main result of Chap. 3 (Theorem 3.1).

Assume now that d(M) = n2 − 1 and suppose first that n ≥ 3 (this case
is considered in Chap. 4). To obtain an analogue of Proposition 3.2, we use
a similar dimension-counting argument together with Theorem 1.7, as well
as a description of all (n − 1)2-dimensional connected closed subgroups of
Un obtained in Lemma 2.1 of [IKru1]. We show in the proof of Proposition
4.2 that for every p ∈ M the following holds: (i) the codimension of O(p) in
M is either 1 or 2; (ii) Lp acts transitively on real directions in T c

p (O(p));
(iii) every orbit of codimension 1 is spherical; (iv) if the codimension of O(p)
is 2, then O(p) is a complex hypersurface in M . In particular, in (iii) we prove
that Levi-flat orbits cannot occur in this case. This is done by an argument
that uses some elements of the proof of Proposition 3.5. Further, to see that
every strongly pseudoconvex orbit is spherical, we utilize Propositions 1.5,
1.6.

Next, spherical orbits are described as in Proposition 3.3 (see Proposition
4.4) and Theorem 1.7 yields, as before, that every orbit of codimension 2
is holomorphically equivalent to B

n−1. Observe, however, that in contrast
with the case d(M) = n2, for d(M) = n2 − 1 every orbit in M may have
codimension 2. Further, for manifolds with orbits of codimension 1 we argue
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as earlier, firstly, by utilizing our orbit gluing procedure from Sect. 3.4 and,
secondly, by attaching codimension 2 orbits to the resulting manifolds M ′.
However, it turns out that for all manifolds obtained by this process one has
d(M) ≥ n2. This contradiction shows that orbits of codimension 1 in fact
do not occur for d(M) = n2 − 1, n ≥ 3 (see Theorem 4.3). Once we know
that every orbit in M has codimension 2, it is possible to show that M is
holomorphically equivalent to a product B

n−1 × S, where S is a hyperbolic
Riemann surface with d(S) = 0 (see Sect. 4.4). This is the main result of
Chap. 4 (see Theorem 4.1).

We will now discuss connected hyperbolic manifolds for which n = 2 and
d(M) = 3 (see Chap. 5). For brevity we call such manifolds (2,3)-manifolds.
For a (2,3)-manifold M we show in the proof of Proposition 4.2 that for every
p ∈ M the following holds: (i) the codimension of O(p) in M is either 1 or 2;
(ii) every codimension 1 Levi-flat orbit is foliated by complex curves equivalent
to ∆; (iii) if the codimension of O(p) is 2, then O(p) is either a complex curve
in M or totally real. If every orbit in M has codimension 2, it can be proved
by arguing as before that M is holomorphically equivalent to a product ∆×S,
where S is a hyperbolic Riemann surface with d(S) = 0. However, in contrast
with the case d(M) = n2 − 1, n ≥ 3, orbits of codimension 1, as well as
totally real orbits of codimension 2, may indeed be present in a (2,3)-manifold
(see Sect. 5.1 for numerous examples). Moreover, dealing with codimension 1
orbits is harder in this case than in the previously considered situations since
strongly pseudoconvex orbits may be non-spherical and since the techniques
that we used for working with Levi-flat orbits in the proof of Proposition
3.5 no longer apply to (2,3)-manifolds. These circumstances make the case of
(2,3)-manifolds the hardest of all considered in the book.

Luckily, all 3-dimensional strongly pseudoconvex CR-homogeneous CR-
manifolds were classified by E. Cartan in [CaE1] (the classification is re-
produced in the proof of Theorem 5.2). Hence every codimension 1 strongly
pseudoconvex orbit O(p) is CR-equivalent to a manifold on E. Cartan’s list,
and by analyzing the list one can also determine the action of G(M) on O(p)
(see Proposition 5.3). This allows us to classify in Theorem 5.2 all (2,3)-
manifolds for which every orbit is strongly pseudoconvex.

Further, Levi-flat orbits together with all possible actions of G(M) on them
are classified in Proposition 5.4. Analogously to the statement of Proposition
3.5, it turns out that every Levi-flat orbit is CR-equivalent to either ∆ × S1

or ∆ × R. However, the action of G(M) on such orbits can be very different
from the actions of the “direct-product” type that occur in the statement
of Proposition 3.5. Proposition 5.4 is one of the main results in this book
and leads to a classification of all (2,3)-manifolds for which every orbit has
codimension 1 and at least one orbit is Levi-flat (see Theorem 5.6).

Finally, we study how (at most two) codimension 2 orbits can be attached
to the manifolds found in Theorems 5.2 and 5.6. This is done by considering,
for every point p0 in a codimension 2 orbit O, complex I0

p0
-invariant curves

that approach O at p0 (cf. (1.15)). It turns out, as before, that in fact at most
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one codimension 2 orbit can occur. All possible manifolds with a codimension
2 orbit are listed in Theorem 5.7. The complete classification of all (2,3)-
manifolds with codimension 1 orbits is summarized in Sect. 5.1.

We will now sketch the proof of Theorem 1.7.

Proof of Theorem 1.7: First of all, we remark that there is a complete C∞-
smooth K-invariant Hermitian metric h on M. Such a metric exists not only
for actions of compact groups, but also for proper actions (see [Pa], [Alek]).
Let dh the distance function on M induced by h. The main component of the
proof is the following proposition.

Proposition 1.8. ([GK])For every r > 0 the metric ball

B(p, r) := {q ∈ M : dh(p, q) < r}

is holomorphically equivalent to B
k by means of a map F such that:

(i) F (p) = 0;

(ii) F maps B(p, r′) onto a ball in C
k centered at 0 for every r′ < r.

We will first show how Theorem 1.7 follows from Proposition 1.8. Denote
by B

k
ρ the ball in C

k of radius ρ centered at the origin. Fix an increasing
sequence {rm} of positive numbers converging to ∞, and choose for every
m ∈ N a biholomorphic map Fm from B(p, rm) onto B

k as in the statement
of Proposition 1.8. We will now modify the sequence {Fm} into a sequence
{F̂m} such that for every m ∈ N the following holds:

(a) F̂m(p) = 0;

(b) F̂m biholomorphically maps B(p, rm) onto B
k
ρm

for some ρm;

(c) F̂m+1|B(p,rm) = F̂m.

Set F̂1 := F1, fix m ∈ N and assume that F̂l for l = 1, . . . ,m have been
constructed. We will now define F̂m+1. Clearly, there is c > 0 such that
F̃m+1 := cFm+1 maps B(p, rm) onto B

k
ρm

. Then F := F̃m+1 ◦ F̂−1
m is an

element of Aut(Bk
ρm

). Since F preserves the origin, it is a linear transformation
given by a matrix U ∈ Uk. Setting F̂m+1 := U−1 ◦ F̃m+1 we obtain a map as
required.

Taken together, the maps F̂m define a biholomorphic map F̂ from M onto
W := ∪∞

m=1B
k
ρm

. Observe now that W is either B
k
ρ for some ρ, or all of C

k.
This completes the proof of Theorem 1.7.

Remark 1.9. As was observed in [BDK], for k ≥ 2 the assumption that αp(K)
acts transitively on real directions in Tp(M) in Theorem 1.7 can be replaced
by the seemingly weaker assumption that αp(K) acts transitively on complex
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directions in Tp(M). Indeed, let Sp be the unit sphere in Tp(M) with respect
to the metric h. Clearly, αp(K) acts on Sp. Consider the Hopf map σ from Sp

to the projectivization CP(Tp(M)) � CP
k−1 of Tp(M): σ(v) = {λv : λ ∈ C

∗}
for v ∈ Tp(M). The group αp(K) also acts on CP(Tp(M)), and σ is αp(K)-
equivariant.

Assume now that αp(K) acts transitively on complex directions, but does
not act transitively on real directions in Tp(M). Then its action on Sp is
transversal to the fibers of σ and therefore gives rise to a continuous section
of σ. It is well-known, however, that σ does not have any continuous sections
if k ≥ 2 (see e.g. [NX]).

We will now give a sketch of proof of Proposition 1.8.

Proof of Proposition 1.8: First of all, it can be shown by standard methods
of Riemannian geometry that, since h is complete and M is non-compact, the
exponential map expp : Tp(M) → M is a diffeomorphism (see Lemma 1.5 in
[GK]). This fact will be essential for many arguments that appear below.

Next, let S be the set of all positive numbers r for which there exists a
biholomorphic map as required in the statement of the proposition. We will
show that:

(1) S �= ∅;

(2) if for some r > 0 we have (0, r) ⊂ S, then r ∈ S;

(3) for every r ∈ S there exists ε > 0 such that [r, r + ε) ⊂ S.

Clearly, properties (1), (2), (3) imply that S = R+, and the proposition fol-
lows.

To prove (1) we choose coordinates in Tp(M) so that αp(K) ⊂ Uk and
use them to identify Tp(M) with C

k. Since αp(K) acts transitively on real
directions in Tp(M), it acts transitively on every sphere centered at the origin.
Therefore, every αp(K)-invariant Hermitian metric on every αp(K)-invariant
neighborhood of the origin in Tp(M) is proportional to the standard metric
on Tp(M). By Bochner’s linearization theorem (see [Bo]) there exist a local
holomorphic change of coordinates F near p on M that identifies a K-invariant
neighborhood U of p with an αp(K)-invariant neighborhood U of the origin in
Tp(M) such that F (p) = 0 and F (gs) = αp(g)F (s) for all g ∈ K and s ∈ U .
Since the push-forward of the Hermitian metric h|U to U by means of F is
proportional to the standard metric on U , we obtain that every metric ball
B(p, r) ⊂ U is mapped by F biholomorphically onto a ball in Tp(M) = C

k.
Clearly, F is a map that satisfies conditions (i) and (ii), and (1) follows.

To prove (2), we argue as in the proof of Theorem 1.7: choose an increasing
sequence of positive numbers {rm} converging to r and produce a sequence
of maps {F̂m} satisfying conditions (a)–(c) above. Then the resulting map
F̂ is a biholomorphism from B(p, r) onto the corresponding set W . It then
follows that r ∈ S, provided W �= C

k. The claim W �= C
k is a consequence of
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certain estimates for the radial derivatives of the map F̂ . We refer the reader
to Lemma 4.1 of [GK] for these technical details.

The proof of (3) is more difficult, and we will only indicate it. The main
ingredient of the argument is the following lemma.

Lemma 1.10. ([GK])If r ∈ S, then ∂B(p, r) is a C∞-smooth strongly pseudo-
convex hypersurface in M.

Lemma 1.10 is proved by estimating higher-order derivatives of the map F :
B(p, r) → B

k satisfying (i) and (ii), using the method utilized in the proof
of Lemma 4.1 of [GK] (see Lemma 4.2 therein). These estimates give that
F extends to a C∞-smooth map from B(p, r) to Bk and F−1 extends to a
C∞-smooth map from Bk to B(p, r).

It follows from Lemma 1.10 that for some ε > 0 the set ∂B(p,R) is a
C∞-smooth strongly pseudoconvex hypersurface for every R ∈ [r, r + ε). This
immediately yields that for all such R the metric ball B(p,R) is a strongly
pseudoconvex Stein manifold. Let F : B(p, r) → B

k be a biholomorphism
satisfying (i) and (ii), and f a diffeomorphism from B(p,R) onto B(p, r) that
commutes with the action of K and that is close to the identity in the C∞-
topology on B(p,R). Denote by Fj the components of the map F and consider
the functions Fj ◦ f , j = 1, . . . , k. Since ∂(Fj ◦ f) is C∞-small on B(p,R), one
can find a solution gj to the equation

∂gj = ∂(Fj ◦ f),

such that gj is orthogonal to holomorphic functions on B(p,R) with respect
to the Hermitian metric h, and such that gj is C1-close to 0 on B(p,R),
j = 1, . . . , k. For every j set F̂j := Fj ◦ f − gj and define F̂ := (F̂1, . . . , F̂k). It
can be shown that if ε is sufficiently small, then, for a linear transformation
A of C

k, the composition A ◦ F̂ is a biholomorphism from B(p,R) onto B
k

satisfying (i) and (ii). This finishes the proof of Proposition 1.8.

We close this section with an analogue of Theorem 1.7 for compact man-
ifolds. It is not relevant to our study of hyperbolic manifolds and is only re-
ferred to in Chap. 6, where proper group actions on not necessarily hyperbolic
manifolds are briefly discussed.

Theorem 1.11. ([BDK])Let M be a connected compact complex manifold
of dimension k ≥ 2 and p a point in M. Let K ⊂ Aut(M) be a compact
subgroup that fixes p and assume that the group αp(K) acts transitively on
complex directions in Tp(M). Then M is holomorphically equivalent to CP

k.

Observe that Remark 1.9 applies to compact manifolds as well, and there-
fore the condition that αp(K) acts transitively on complex directions in Tp(M)
in Theorem 1.11 is equivalent to the condition that it acts transitively on real
directions in Tp(M).
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The idea of the proof of Theorem 1.11 is to show that M is obtained from
C

k by attaching a copy of CP
k−1. If a complex manifold has this structure,

it is holomorphically equivalent to CP
k (see [BreM]). As in the proof of The-

orem 1.7, the manifold M can be equipped with a C∞-smooth K-invariant
Hermitian metric. Let Cp be the cut locus at p. The aim of the arguments in
[BDK] is to show that M\ Cp is holomorphically equivalent to C

k and that
Cp is a complex hypersurface holomorphically equivalent to CP

k−1. We refer
the interested reader to [BDK] for details.
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The Homogeneous Case

In this chapter we describe all connected homogeneous hyperbolic manifolds
with n2 − 1 ≤ d(M) ≤ n2 + 2.

2.1 Homogeneity for d(M) > n2

We begin by showing that for d(M) = n2 + 1 and d(M) = n2 + 2 only
homogeneous manifolds can occur.

Proposition 2.1. ([Ka]) Let M be a connected hyperbolic manifold of
dimension n for which d(M) > n2. Then M is homogeneous.

Proof: Fix p ∈ M and let V ⊂ Tp(M) be the tangent space to O(p) at p.
Clearly, V is Lp-invariant. We assume now that V �= Tp(M) and consider the
following three cases.

Case 1. d := dimC(V + iV ) < n.

The natural representation of Lp on Tp(M) is completely reducible and the
subspace V + iV is Lp-invariant. Hence in some coordinates in Tp(M) the
group Lp becomes a subgroup of Un−d × Ud. Since dim O(p) ≤ 2d, it follows
that

d(M) ≤ (n − d)2 + d2 + 2d.

Observe, however, that this is impossible since the right-hand side in the above
inequality does not exceed n2.

Case 2. Tp(M) = V + iV and r := dimC(V ∩ iV ) > 0.

As above, Lp can be viewed as a subgroup of Un−r ×Ur (observe that r < n).
Moreover, V ∩ iV �= V and, since Lp preserves V , it follows that dimLp <
r2 + (n − r)2. We have dim O(p) ≤ 2n − 1, and therefore
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d(M) < (n − r)2 + r2 + 2n − 1.

Observe now that the right-hand side does not exceed n2 + 1 which gives a
contradiction.

Case 3. Tp(M) = V ⊕ iV .

In this case dimV = n, and Lp can be viewed as a subgroup of On(R), which
yields

d(M) ≤ n(n − 1)
2

+ n.

Again, this is impossible since the right-hand side does not exceed n2 − 1.
Thus, we have shown that V = Tp(M) for every p ∈ M . Therefore, M is

homogeneous, and the proof of the proposition is complete.

Observe that if d(M) ≤ n2, the manifold M need not be homogeneous.
Indeed, for any spherical shell

Sr := {z ∈ C
n : r < |z| < 1}, (2.1)

with 0 ≤ r < 1, the group Aut(Sr) coincides with Un and thus has dimension
n2, but the action of Un on Sr is not transitive.

2.2 Classification of Homogeneous Manifolds

In this section we give a complete classification of all connected homogeneous
n-dimensional hyperbolic manifolds with n2 − 1 ≤ d(M) ≤ n2 + 2. Due to
Proposition 2.1 this classification implies a full description of manifolds with
d(M) = n2 + 1 and d(M) = n2 + 2.

Theorem 2.2. ([IKra2], [I2], [I3]) Let M be a connected homogeneous hy-
perbolic manifold of dimension n ≥ 2, with n2 − 1 ≤ d(M) ≤ n2 + 2. Then
the following holds:

(i) if d(M) = n2 + 2, then M is holomorphically equivalent to B
n−1 × ∆;

(ii) if d(M) = n2 + 1, then n = 3 and M is holomorphically equivalent to the
Siegel space

S :=
{

(z1, z2, z3) ∈ C
3 : ZZ � id

}

,

where

Z :=
(

z1 z2

z2 z3

)

;
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(iii) if d(M) = n2, then either n = 3 and M is holomorphically equivalent to
∆3, or n = 4 and M is holomorphically equivalent to B

2 × B
2;

(iv) if d(M) = n2 − 1, then n = 4 and M is holomorphically equivalent to the
tube domain

T :=
{

(z1, z2, z3, z4) ∈ C
4 : (Im z1)2 + (Im z2)2+

(Im z3)2 − (Im z4)2 < 0, Im z4 > 0
}

.

Before proving Theorem 2.2 we remark that S is the symmetric classical
domain of type (III2) with Aut(S ) � Sp4(R)/Z2, and T is the symmetric
classical domain of type (I2,2) with G(T ) � SU2,2/Z4 (see [Sa]).1

Proof of Theorem 2.2: Since M is homogeneous, by the results of [N],
[P-S], it is holomorphically equivalent to a Siegel domain D ⊂ C

n (see (1.6)).
Further, since M cannot be equivalent to B

n, we have k ≥ 2. For n = 2 we
then immediately see that M is holomorphically equivalent to ∆2 (cf. [CaE2]),
which is a special case of (i) of the theorem. For n = 3 it follows that M is
equivalent to one of the following domains: B

2 × ∆, ∆3, S (observe that
d(B2 × ∆) = 11 = 32 + 2, d(S ) = 10 = 32 + 1, d(∆3) = 9 = 32). These
domains are listed in (i), (ii) and (iii) of the theorem, respectively.

Suppose now that n ≥ 4. It follows from (1.7)–(1.9) that

d(D) ≤ 4n − 2k + dim g0(D). (2.2)

Clearly, in (1.11) the matrix A is determined by the matrix B up to a matrix
L ∈ gln−k satisfying

F (Lz, z) + F (z, Lz) = 0,

for all z ∈ C
n−k. Such matrices L form a real linear subspace L of gln−k, and

we denote by s its dimension. Then (1.10) implies

dim g0(D) ≤ s + dim glin(C). (2.3)

By the definition of Siegel domain, there exists a positive-definite linear combi-
nation H of the components of the Hermitian form F . Hence L is a subspace
of the Lie algebra of matrices skew-Hermitian with respect to H and thus
s ≤ (n − k)2. Therefore, inequalities (2.2) and (2.3) imply

d(D) ≤ 4n − 2k + (n − k)2 + dim glin(C). (2.4)

We now need the following lemma.

Lemma 2.3. We have

dim glin(C) ≤ k2

2
− k

2
+ 1. (2.5)

1The group Sp4(R) is a non-compact real form of Sp4(C) and should not be
confused with the compact real form Sp2 introduced earlier.
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Proof of Lemma 2.3: Fix a point x0 ∈ C and consider its isotropy subgroup
Gx0 ⊂ Glin(C). This subgroup is compact since the bounded open set C ∩
(x0 − C) is Gx0 -invariant. Then, changing coordinates in R

k if necessary, we
can assume that Gx0 is contained in Ok(R). The group Ok(R) acts transitively
on the sphere of radius |x0| in R

k, and the isotropy subgroup Hx0 of x0 under
the Ok(R)-action is isomorphic to Ok−1(R). Since Gx0 ⊂ Hx0 , we have

dim Gx0 ≤ dim Hx0 =
k2

2
− 3k

2
+ 1,

which implies inequality (2.5), as required.

Inequalities (2.4) and (2.5) yield

d(D) ≤ 3k2

2
− k

(

2n +
5
2

)

+ n2 + 4n + 1. (2.6)

It is straightforward to verify that the right-hand side of (2.6) is strictly less
than n2 for n ≥ 4 and k ≥ 3.

Assume first that n2 ≤ d(M) ≤ n2 + 2. It then follows that k = 2, and
therefore dim glin(C) = 2. Without loss of generality we can assume that the
first component F1 of the C

2-valued Hermitian form F is positive-definite.
Furthermore, applying an appropriate linear transformation of the z-variables,
we can assume that F1 is given by the identity matrix and F2 by a diagonal
matrix.

Suppose now that d(M) is either n2 + 1 or n2 + 2. We will then show that
the matrix of F2 is scalar. Indeed, assuming that this matrix has a pair of
distinct eigenvalues, we see that s ≤ (n − 2)2 − 2, and therefore (2.2), (2.3)
yield d(D) ≤ n2, which contradicts our assumption. Thus, F2 is scalar, and
therefore D is holomorphically equivalent to one of the following domains:

D1 :=
{

(z, w) ∈ C
n−2 × C

2 : Im w1 − |z|2 > 0, Im w2 > 0
}

,
D2 :=

{

(z, w) ∈ C
n−2 × C

2 : Im w1 − |z|2 > 0, Im w2 − |z|2 > 0
}

.

The domain D1 is equivalent to B
n−1×∆. We will now show that d(D2) <

n2−1. We have dim g−1(D2) = 2, dim g−1/2(D2) = 2(n−2) (see (1.8), (1.9)),
and it is clear from (2.3) that dim g0(D2) ≤ n2 − 4n + 6 (note that in this
case C = {(x, y) ∈ R

2 : x > 0, y > 0}). Further, the explicit descriptions of
g1/2(D2) and g1(D2) (see [Sa]) imply that both these components are trivial.
Therefore

d(D2) ≤ n2 − 2n + 4 < n2 − 1,

hence D cannot be equivalent to D2 (alternatively, to exclude D2 we could
observe that it is not homogeneous).

Thus, we have shown that if d(M) is either n2 + 1 or n2 + 2, then M is
holomorphically equivalent to B

n−1 ×∆, which is listed in (i) of the theorem.
Suppose now that d(M) = n2. It then follows from (2.2), (2.3) that
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s ≥ n2 − 4n + 2. (2.7)

If the matrix of F2 is scalar, then by our argument above, D is equivalent
to either B

n−1 × ∆ or D2, which is impossible. Thus, the matrix of F2 is not
scalar, and inequality (2.7) yields that it must have exactly one pair of distinct
eigenvalues. Therefore n = 4, s = 2, and we have

dim g1/2(D) = 4, dim g1(D) = 2.

It now follows from the explicit descriptions of g1/2(D) and g1(D) (see [Sa])
that D is holomorphically equivalent to B

2 ×B
2, which is listed in (iii) of the

theorem.
Suppose finally that d(M) = n2 − 1. Observe that the right-hand side of

(2.6) is strictly less than n2 − 1 for n ≥ 5 and k ≥ 3, and is greater than or
equal to 15 for n = 4. Furthermore, for n = 4 the right-hand side of (2.6) is
equal to 15 only if k = 3 or k = 4, and it follows from (2.4), (2.5) that in
these cases dim glin(C) = k2/2 − k/2 + 1.

Assume first that n = 4 and the right-hand side of (2.6) is equal to 15. Then
C is Glin(C)-homogeneous and for every point x0 ∈ C there exist coordinates
in R

k such that the isotropy subgroup Gx0 contains SOk−1(R) (see the proof
of Lemma 2.3). Then after a linear change of coordinates the cone C takes
the form

{

(x1, . . . , xk) ∈ R
k : [x, x] < 0, xk > 0

}

,

where x := (x1, . . . , xk) and [x, x] := x2
1 + . . .+x2

k−1−x2
k. In these coordinates

the algebra glin(C) is generated by the center of glk(R) and the algebra of
pseudo-orthogonal matrices ok−1,1(R). Suppose that k = 3. Then we have
F = (v1|z|2, v2|z|2, v3|z|2) for some vector v := (v1, v2, v3) ∈ C \{0}. It follows
from (1.11) that v is an eigenvector of the matrix B for every element of g0(D),
which implies that dim g0(D) ≤ 4. Hence by (2.2) we have d(D) ≤ 14, which
is impossible. Next, if k = 4, then D is holomorphically equivalent to the tube
domain T listed in (iv) of the theorem.

Assume now that n ≥ 4 and k = 2. Then (2.2), (2.3) imply

s ≥ n2 − 4n + 1. (2.8)

Furthermore, applying an appropriate linear transformation, we can assume
that F1 is given by the identity matrix and F2 by a diagonal matrix. If the
matrix of F2 is scalar, then we obtain, as before, that D is equivalent to
either B

n−1 × ∆ or D2, which is impossible. Thus, the matrix of F2 is not
scalar, and inequality (2.8) yields that it must have exactly one pair of distinct
eigenvalues. Therefore n = 4, s = 2, and we have

dim g1/2(D) + dim g1(D) ≥ 5.

It now follows from the explicit descriptions of g1/2(D) and g1(D) (see [Sa])
that D is holomorphically equivalent to B

2 × B
2. This is clearly impossible,

and the proof of the theorem is complete.
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Remark 2.4. Using Proposition 2.1 and arguing as above, one can also obtain
an alternative proof of Theorem 1.3.

The following corollary is an immediate consequence of Proposition 2.1
and Theorem 2.2.

Corollary 2.5. ([IKra2]) Let M be a connected hyperbolic manifold of di-
mension n ≥ 2, with either d(M) = n2 + 2 or d(M) = n2 + 1. Then M is
holomorphically equivalent to either B

n−1 ×∆ or the Siegel space S , respec-
tively.

In the following three chapters we treat the non-homogeneous case which
gives the vast majority of manifolds in our classification.
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The Case d(M) = n2

In this chapter we give an explicit classification of connected non-homogeneous
hyperbolic manifolds of dimension n ≥ 2 with d(M) = n2. The classification
is summarized in Theorem 3.1. We start by making introductory remarks and
formulating our result.

3.1 Main Result

In [GIK] we classified all hyperbolic Reinhardt domains in C
n with d(M) = n2.

That classification was based on the description of the automorphism group
of a hyperbolic Reinhardt domain obtained in [Kru]. Further, in [KV] simply
connected complete hyperbolic manifolds with d(M) = n2 were studied (a hy-
perbolic manifold is called complete if the Kobayashi distance on the manifold
is complete). The main result of [KV] states that every such manifold is holo-
morphically equivalent to a Reinhardt domain and hence the classification in
this case is a subset of the classification in [GIK]. There are, however, exam-
ples of hyperbolic manifolds with d(M) = n2 outside the class of Reinhardt
domains. For instance, the quotient of a spherical shell Sr/Zm (see (2.1)),
where Zm is realized as a subgroup of scalar matrices in Un, is not equivalent
to any Reinhardt domain if m > 1, but has the n2-dimensional automorphism
group Un/Zm. Further, not all hyperbolic manifolds with d(M) = n2 are com-
plete and simply connected. Consider, for example, the Reinhardt domains
Er,θ :=

{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, r(1 − |z′|2)θ < |zn| < (1 − |z′|2)θ

}

,
with either θ ≥ 0, 0 ≤ r < 1, or θ < 0, r = 0. None of them is simply con-
nected, and complete domains only arise for either θ = 0, or r = 0, θ > 0. At
the same time, each of these domains has an n2-dimensional automorphism
group. This group consists of the maps
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z′ �→ Az′ + b

cz′ + d
,

zn �→ eiβzn

(cz′ + d)2θ
,

(3.1)

where (
A b
c d

)

∈ SUn−1,1, β ∈ R.

In this chapter we obtain a complete classification of hyperbolic manifolds
with d(M) = n2 without any additional assumptions. We will now state our
main result.

Theorem 3.1. ([I2]) Let M be a connected non-homogeneous hyperbolic
manifold of dimension n ≥ 2 with d(M) = n2. Then M is holomorphically
equivalent to one of the following manifolds:

(i) Sr/Zm, 0 ≤ r < 1, m ∈ N;

(ii) Eθ :=
{

(z′, zn) ∈ C
n−1 × C : |z′|2 + |zn|θ < 1

}

,

θ > 0, θ �= 2;

(iii) Eθ :=
{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, |zn| <

(1 − |z′|2)θ
}

, θ < 0;

(iv) Er,θ =
{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, r(1 − |z′|2)θ <

|zn| < (1 − |z′|2)θ
}

, with either θ ≥ 0, 0 ≤ r < 1,

or θ < 0, r = 0;

(v) Ar,θ :=
{

(z′, zn) ∈ C
n−1 × C : r exp

(

θ|z′|2
)

< |zn| <

exp
(

θ|z′|2
)}

, with either θ = 1, 0 < r < 1,

or θ = −1, r = 0;

(vi) Br,θ :=
{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, r(1 − |z′|2)θ <

exp (Re zn) < (1 − |z′|2)θ
}

,with either

θ = 1, 0 ≤ r < 1 or θ = −1, r = 0;

(vii) C :=
{

(z′, zn) ∈ C
n−1 × C : −1 + |z′|2 < Re zn < |z′|2

}

.

(3.2)

The manifolds on list (3.2) are pairwise holomorphically non-equivalent.
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The n2-dimensional automorphism groups of manifolds (3.2) are not hard
to find and will explicitly appear during the course of proof of Theorem 3.1.
Except those mentioned earlier, they are as follows: Aut(Eθ) is obtained from
formula (3.1) by replacing θ with 1/θ, Aut(A0,−1) consists of all maps of the
form

z′ �→ Uz′ + a,

zn �→ eiβ exp
(

−2〈Uz′, a〉 − |a|2
)

zn,

where U ∈ Un−1, a ∈ C
n−1, β ∈ R, and 〈· , ·〉 denotes the inner product

in C
n−1; Aut(Ar,1) is given by (3.13), Aut(Br,θ) is given by (3.11), Aut(C)

consists of all maps of the form (3.7) with λ = 1.
The domains Sr, Eθ, Eθ, Er,θ, Ar,θ, (as well as the homogeneous domains

∆3 and B
2 × B

2) are the Reinhardt domains from the classification in [GIK].
Each of the domains Br,θ is the universal cover of some Er′,θ′ , namely, Br1/θ, 1

covers Er,θ for 0 ≤ r < 1, θ > 0, and B0,−1 covers E0,θ for θ < 0. Note that
the universal cover of Er,0 for every 0 ≤ r < 1 is B

n−1 × ∆ and hence has an
automorphism group of dimension n2 +2. Observe also that C is the universal
cover of the domain Ar,1 for every 0 < r < 1, and that the universal cover of
A0,−1 is B

n and thus has an automorphism group of dimension n2 + 2n.
The only manifolds in (3.2) that are both simply connected and complete

hyperbolic are Eθ listed under (ii). Together with the homogeneous domains
∆3 and B

2 × B
2, they form the partial classification obtained in [KV].

The chapter is organized as follows. In Sect. 3.2 we give an initial clas-
sification of the orbits of the G(M)-action on M . It turns out that every
G(M)-orbit is either a real or complex hypersurface in M . Furthermore, real
hypersurface orbits are either spherical or Levi-flat, and in the latter case they
are foliated by complex submanifolds holomorphically equivalent to the ball
B

n−1; there are at most two complex hypersurface orbits and each of them is
holomorphically equivalent to B

n−1 (see Proposition 3.2).
Next, in Sect. 3.3 we determine real hypersurface orbits up to CR-

equivalence. In the spherical case there are five possible kinds of orbits (see
Proposition 3.3). In the Levi-flat case every orbit is shown to be equivalent
to either B

n−1 × R or B
n−1 × S1 (see Proposition 3.5). The presence of an

orbit of a particular kind determines G(M) as a Lie group (see Propositions
3.4 and 3.5).

In Sect. 3.4 we prove Theorem 3.1 by studying how orbits of the kinds
found in Sect. 3.3 can be glued together and obtain the manifolds on list
(3.2). In particular, it turns out that Levi-flat orbits equivalent to B

n−1 × R

cannot occur, since they lead to B
n−1 × ∆, and that there can be in fact at

most one complex hypersurface orbit.
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3.2 Initial Classification of Orbits

In this section we prove the following proposition.

Proposition 3.2. ([I2])Let M be a connected non-homogeneous hyperbolic
manifold of dimension n ≥ 2 with d(M) = n2. Fix p ∈ M and let
V := Tp(O(p)). Then

(i) the orbit O(p) is a real or complex closed hypersurface in M ;

(ii) if O(p) is a real hypersurface, it is either spherical, or Levi-flat and foli-
ated by submanifolds holomorphically equivalent to B

n−1; there exist coor-
dinates in Tp(M) such that – with respect to the orthogonal decomposition
Tp(M) = (V ∩ iV )⊥ ⊕ (V ∩ iV ) – the group Lp is either {id} × Un−1 or
Z2 × Un−1, and the latter can only occur if O(p) is Levi-flat;

(iii) if O(p) is a complex hypersurface, it is holomorphically equivalent to
B

n−1; there exist coordinates in Tp(M) such that – with respect to the or-
thogonal decomposition Tp(M) = V ⊥⊕V – we have Lp = U1×Un−1, the sub-
group I ′p := α−1

p (U1) (where αp is the isotropy representation at p – see (1.2))
is normal in G(M), and the quotient G(M)/I ′p is isomorphic to Aut(Bn−1);
there are at most two complex hypersurface orbits in M .

Proof: We consider the three cases as in the proof of Proposition 2.1. Below
we use the notation introduced therein.

Case 1. d := dimC(V + iV ) < n.

Arguing as in the proof of Proposition 2.1 we obtain

n2 ≤ (n − d)2 + d2 + 2d,

and therefore we have either d = 0 or d = n − 1. If d = 0, then O(p) = {p}.
Now Folgerung 1.10 of [Ka] implies that M is holomorphically equivalent to
B

n, which is impossible, and thus d = n − 1 (for an alternative proof of this
fact see Lemma 3.1 of [KV]). Furthermore, we have

n2 = dimLp + dim O(p) ≤ n2 − 2n + 2 + dimO(p).

Hence dim O(p) ≥ 2n − 2 which implies that dim O(p) = 2d = 2n − 2, and
therefore iV = V , which means that O(p) is a complex closed hypersurface
in M .

We have Lp = U1 ×Un−1. The Un−1-component of Lp acts transitively on
real directions in V and therefore by Theorem 1.7 the orbit O(p) is holomor-
phically equivalent to B

n−1. On the other hand, the U1-component of Lp acts
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trivially on V and therefore the subgroup I ′p = α−1
p (U1) of Ip corresponding to

this component is the kernel of the action of G(M) on O(p) (this follows from
[Bo], see also [Ka]). Thus, I ′p is normal in G(M) and the quotient G(M)/I ′p
acts effectively on O(p). Since G(M)/I ′p has dimension n2 − 1 = d(Bn−1), it
is isomorphic to Aut(Bn−1).

Case 2. Tp(M) = V + iV and r := dimC(V ∩ iV ) > 0.

In this case we obtain

n2 < (n − r)2 + r2 + 2n − 1,

which shows that either r = 1 or r = n − 1. It then follows that dimLp <
n2 − 2n + 2. Therefore, we have

n2 = dimLp + dim O(p) < n2 − 2n + 2 + dimO(p).

Hence dim O(p) > 2n − 2 and thus dimO(p) = 2n − 1. This yields that O(p)
is a real closed hypersurface in M , and therefore r = n − 1.

Let W be the orthogonal complement to T c
p (O(p)) = V ∩ iV in Tp(M).

Since r = n− 1, we have dimC W = 1. The group Lp is a subgroup of Un and
preserves V , T c

p (O(p)), and W ; hence it preserves the line W ∩V . Therefore, it
can act only as ±id on W , that is, Lp ⊂ Z2 ×Un−1. Since dimLp = (n− 1)2,
we have either Lp = {id} × Un−1, or Lp = Z2 × Un−1. In particular, Lp

acts transitively on real directions in T c
p (O(p)). Hence O(p) is either Levi-flat

or strongly pseudoconvex. If O(p) is strongly pseudoconvex, we have Lp =
{id} × Un−1.

Suppose that O(p) is Levi-flat. Then O(p) is foliated by connected complex
submanifolds. Consider the leaf O(p)p passing through p. Since Ip preserves
O(p)p and Lp acts transitively on real directions in the tangent space T c

p (O(p))
to O(p)p, it follows from Theorem 1.7 that O(p)p is holomorphically equivalent
to B

n−1. The same argument applies to any other leaf in O(p).
Assume now that O(p) is strongly pseudoconvex. Since Lp = {id}×Un−1,

we have dp(O(p)) ≥ (n−1)2, and Proposition 1.5 yields that O(p) is spherical.

Case 3. Tp(M) = V ⊕ iV .

In this case we obtain a contradiction as in the proof of Proposition 2.1.

We will now show that there can be at most two complex hypersurface
orbits in M . Let O(p) be a complex hypersurface for some p ∈ M . Since
Lp acts as U1 on a complement to V in Tp(M) (see Case 1), there exists a
neighborhood U of p such that for every q ∈ U \ O(p) the values at q of
G(M)-vector fields span a codimension 1 subspace of Tq(M). Hence there is
always a real hypersurface orbit in M . Since the action of G(M) on M is
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proper, it follows that the orbit space M/G(M) is homeomorphic to one of
the following: R, S1, [0, 1], [0, 1) (see [AA]), and thus there can be at most
two complex hypersurface orbits in M .

The proof of the proposition is complete.

3.3 Real Hypersurface Orbits

In this section we classify real hypersurface orbits up to CR-equivalence. We
deal with spherical orbits first.

Proposition 3.3. ([I2])Let M be a connected non-homogeneous hyperbolic
manifold of dimension n ≥ 2 with d(M) = n2. Assume that for a point p ∈ M
its orbit O(p) is spherical. Then O(p) is CR-equivalent to one of the following
hypersurfaces:

(i) a lens space Lm := S2n−1/Zm for some m ∈ N;
(ii) σ :=

{

(z′, zn) ∈ C
n−1 × C : Re zn = |z′|2

}

;
(iii) δ :=

{

(z′, zn) ∈ C
n−1 × C : |zn| = exp

(

|z′|2
)}

;
(iv) ω :=

{

(z′, zn) ∈ C
n−1 × C : |z′|2 + exp (Re zn) = 1

}

;
(v) εα :=

{

(z′, zn) ∈ C
n−1 × C : |z′|2 + |zn|α = 1, zn �= 0

}

,
for some α > 0.

(3.3)

Proof: Recall that for a connected smooth strongly pseudoconvex CR-
manifold N we denoted by AutCR(N) the group of CR-automorphisms of
N equipped with the compact-open topology. It is known (see [Ta], [CM],
[BS2], [Sch]) that AutCR(N) is a Lie group (general results regarding Lie
group structures on groups of CR-automorphisms can be found in [BRWZ],
for related results see also [F]). Let Õ(p) be the universal cover of O(p). The
group AutCR(O(p))0 acts transitively on O(p) and therefore its universal cover
ÃutCR(O(p))0 acts transitively on Õ(p). Let G be the (possibly non-closed)
subgroup of AutCR(Õ(p)) that consists of all CR-automorphisms of Õ(p) gen-
erated by this action. Observe that G is a Lie group isomorphic to the quotient
of ÃutCR(O(p))0 by a discrete central subgroup. Let Γ ⊂ AutCR(Õ(p)) be the
group of deck transformations associated with the covering map Õ(p) → O(p).
The group Γ acts freely properly discontinuously on Õ(p), lies in the central-
izer of G in AutCR(Õ(p)) and is isomorphic to H/H0, with H := π−1(Jp),
where π : ÃutCR(O(p))0 → AutCR(O(p))0 is the covering map and Jp is the
isotropy subgroup of p under the action of AutCR(O(p))0.

The manifold Õ(p) is spherical, and there is a local CR-isomorphism Π
from Õ(p) onto a domain D ⊂ S2n−1. By Proposition 1.4 of [BS1], Π is a
covering map. Further, for every f ∈ AutCR(Õ(p)) there is g ∈ Aut(D) such
that

g ◦ Π = Π ◦ f, (3.4)
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that is, f is a lift of g under Π (observe also that every element of the
group G introduced above is a lift of an element of AutCR(O(p))0 under the
covering map Õ(p) → O(p)). Since Õ(p) is homogeneous, (3.4) implies that
D is homogeneous as well, and dim AutCR(Õ(p)) = dim AutCR(D).

Clearly, dim AutCR(O(p)) ≥ n2 and therefore we have dim AutCR(D) ≥
n2. All homogeneous domains in S2n−1 are listed in Theorem 3.1 in [BS1]. It
is not difficult to exclude from this list all domains with automorphism group
of dimension less than n2. This gives that D is CR-equivalent to one of the
following domains:

(a) S2n−1,
(b) S2n−1 \ {point},
(c) S2n−1 \ {zn = 0}.

(3.5)

Thus, Õ(p) is respectively one of the following manifolds:

(a) S2n−1,
(b) σ,
(c) ω.

(3.6)

If Õ(p) = S2n−1, then by Proposition 5.1 of [BS1], the orbit O(p) is CR-
equivalent to a lens space as in (i) of (3.3).

Suppose next that Õ(p) = σ. The group AutCR(σ) consists of all maps of
the form

z′ �→ λUz′ + a,
zn �→ λ2zn + 2λ〈Uz′, a〉 + |a|2 + iα,

(3.7)

where U ∈ Un−1, a ∈ C
n−1, λ > 0, α ∈ R, and, as before, 〈· , ·〉 is the

inner product in C
n−1. It then follows that AutCR(σ) = CUn−1 � N , where

CUn−1 consists of all maps of the form (3.7) with a = 0, α = 0, and N is the
Heisenberg group consisting of the maps of the form (3.7) with U = id and
λ = 1.

Further, description (3.7) implies that dim AutCR(σ) = n2 + 1, and there-
fore n2 ≤ dim G ≤ n2 + 1. If dim G = n2 + 1, then we have G = AutCR(σ),
and hence Γ lies in the center of AutCR(σ). Since the center of AutCR(σ) is
trivial, so is Γ . Thus, in this case O(p) is CR-equivalent to the hypersurface σ.

Assume now that dim G = n2. Using the transitivity of the G-action on
σ, it is straightforward to show (for instance, by considering G-vector fields
on σ) that N ⊂ G. The centralizer of N in CUn−1 � N consists of all maps
of the form

z′ �→ z′,
zn �→ zn + iα,

(3.8)

where α ∈ R. Since Γ acts freely properly discontinuously on σ, it is generated
by a single map of the form (3.8) with α = α0 ∈ R

∗. The hypersurface σ covers
the hypersurface
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{

(z′, zn) ∈ C
n−1 × C : |zn| = exp

(
2π

α0
|z′|2

)}

(3.9)

by means of the map
z′ �→ z′,

zn �→ exp
(

2π

α0
zn

)

,
(3.10)

and Γ is the group of deck transformations of this map. Hence O(p) is CR-
equivalent to hypersurface (3.9). Replacing if necessary zn by 1/zn we obtain
that O(p) is CR-equivalent to the hypersurface δ.

Suppose finally that Õ(p) = ω. First, we will determine the group
AutCR(ω). The general form of a CR-automorphism of S2n−1 \ {zn = 0} is
given by formula (3.1) with θ = 1/2 and the covering map Π by the formula

z′ �→ z′,

zn �→ exp
(zn

2

)

.

Using (3.4) we then obtain the general form of a CR-automorphism of ω as
follows:

z′ �→ Az′ + b

cz′ + d
,

zn �→ zn − 2 ln(cz′ + d) + iβ,

(3.11)

where (
A b
c d

)

∈ SUn−1,1, β ∈ R.

In particular, AutCR(ω) is a connected group of dimension n2 and therefore
G = AutCR(ω). Hence Γ is a central subgroup of AutCR(ω). It follows from
formula (3.11) that the center of AutCR(ω) consists of all maps of the form
(3.8). Hence Γ is generated by a single such map with α = α0 ∈ R. If α0 = 0,
the orbit O(p) is CR-equivalent to ω. Let α0 �= 0. The hypersurface ω covers
the hypersurface

{

(z′, zn) ∈ C
n−1 × C : |z′|2 + |zn|

α0
2π = 1, zn �= 0

}

(3.12)

by means of map (3.10). Since Γ is the group of deck transformations of this
map, it follows that O(p) is CR-equivalent to hypersurface (3.12). Replacing
if necessary zn by 1/zn, we obtain that O(p) is CR-equivalent to the hyper-
surface εα for some α > 0.

The proof is complete.

We will now show that the presence of a spherical orbit of a particular
kind in M determines the group G(M) as a Lie group. Suppose that for some
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p ∈ M the orbit O(p) is spherical, and let m be the manifold from list (3.3)
to which O(p) is CR-equivalent. Since G(M) acts properly and effectively on
O(p), the CR-equivalence induces an isomorphism between G(M) and a closed
connected n2-dimensional subgroup Rm of AutCR(m) that acts properly and
transitively on m. A priori, Rm depends on the choice of a CR-isomorphism
between O(p) and m, but, as we will see shortly, this dependence is insignifi-
cant.

We will now prove the following proposition.

Proposition 3.4. ([I2])

(i) RS2n−1 is conjugate to Un in AutCR(S2n−1), and RLm
= Un/Zm for m > 1;

(ii) Rσ consists of all maps of the form (3.7) with λ = 1;
(iii) Rδ consists of all maps of the form

z′ �→ Uz′ + a,

zn �→ eiβ exp
(

2〈Uz′, a〉 + |a|2
)

zn,
(3.13)

where U ∈ Un−1, a ∈ C
n−1, β ∈ R;

(iv) Rω consists of all maps of the form (3.11);
(v) Rεα

consists of all maps of the form (3.1) with θ = 1/α.

Proof: Suppose first that m = Lm for some m ∈ N. Then O(p) is compact
and, since Ip is compact as well, it follows that G(M) is compact. Assume first
that m = 1. In this case RS2n−1 is a subgroup of AutCR(S2n−1) = Aut(Bn).
Since RS2n−1 is compact, it is conjugate to a subgroup of Un, which is a
maximal compact subgroup in Aut(Bn). Since both RS2n−1 and Un are n2-
dimensional, RS2n−1 is in fact conjugate to the full group Un. Suppose now
that m > 1. It is straightforward to determine the group AutCR (Lm) by
lifting CR-automorphisms of Lm to its universal cover S2n−1. This group is
Un/Zm acting on C

n\{0}/Zm in the standard way. In particular, AutCR (Lm)
is connected and has dimension n2. Therefore, RLm

= Un/Zm, and we have
obtained statement (i) of the proposition.

Assume now that m = σ. Recall that the group AutCR(σ) consists of all
maps of the form (3.7) and has dimension n2 + 1. Since Ip is isomorphic to
Un−1, the isotropy subgroup of the origin under the Rσ-action on σ coincides
with the group of all maps of the form (3.7) with λ = 1, a = 0, α = 0.
Furthermore, since Rσ acts transitively on σ, it contains the Heisenberg group
N , and statement (ii) of the proposition follows.

Next, the groups AutCR(δ), AutCR(ω), AutCR(εα) are n2-dimensional and
connected. Indeed, AutCR(δ) can be determined by considering the universal
cover of δ (see the proof of Proposition 3.3) and consists of all maps of the
form (3.13). The group AutCR(ω) was found in the proof of Proposition 3.3
and consists of all maps of the form (3.11). The group AutCR(εα) can be
found by considering the universal cover of εα and consists of all maps of
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the form (3.1) with θ = 1/α. This yields statements (iii), (iv) and (v) of the
proposition.

The proof is complete.

Next, we classify Levi-flat orbits in the following proposition.

Proposition 3.5. ([I2])Let M be a connected non-homogeneous hyperbolic
manifold of dimension n ≥ 2 with d(M) = n2. Assume that for a point p ∈ M
its orbit O(p) is Levi-flat. Then O(p) is equivalent to either B

n−1 × R or
B

n−1 × S1 by means of a real-analytic CR-map. The CR-equivalence can be
chosen so that it transforms G(M)|O(p) into RBn−1×R|Bn−1×R, where the group
RBn−1×R consists of all maps of the form

(z′, zn) �→ (a(z′), zn + b),

in the first case, and into RBn−1×S1 |Bn−1×S1 , where the group RBn−1×S1 con-
sists of all maps of the form

(z′, zn) �→ (a(z′), eiczn),

in the second case, with a ∈ Aut(Bn−1), b, c ∈ R.

Proof: Recall that the hypersurface O(p) is foliated by complex submanifolds
holomorphically equivalent to B

n−1 (see (ii) of Proposition 3.2). Denote by
g(M) the Lie algebra of G(M)-vector fields on M . We identify this algebra
with the Lie algebra of G(M). Further, we identify every vector field from
g(M) with its restriction to O(p). For q ∈ O(p) we consider the leaf O(p)q

of the foliation passing through q and the subspace lq ⊂ g(M) of all vector
fields tangent to O(p)q at q. Since vector fields in lq remain tangent to O(p)q

at each point in O(p)q, the subspace lq is in fact a Lie subalgebra of g(M). It
follows from the definition of lq that dim lq = n2 − 1.

Denote by Hq the (possibly non-closed) connected subgroup of G(M) with
Lie algebra lq. It is straightforward to verify that the group Hq acts on O(p)q

by holomorphic transformations and that I0
q ⊂ Hq. If some element g ∈ Hq

acts trivially on O(p)q, then g ∈ Iq. If Iq is isomorphic to Un−1, every element
of Iq acts non-trivially on O(p)q and thus g = id; if Iq is isomorphic to
Z2 × Un−1 and g �= id, then g = gq, where gq denotes the element of Iq

corresponding to the non-trivial element in Z2 (see Case 2 in the proof of
Proposition 3.2). Thus, either Hq or Hq/Z2 acts effectively on O(p)q (the
former case occurs if gq �∈ Hq, the latter if gq ∈ Hq). Since dimHq = n2 − 1 =
d(Bn−1), we obtain that either Hq or Hq/Z2 is isomorphic to Aut(Bn−1).

We will now show that in fact gq �∈ Hq. Assuming the opposite, we have
Iq ⊂ Hq. It then follows that Iq is a maximal compact subgroup of Hq since its
image under the projection Hq → Aut(Bn−1) is a maximal compact subgroup
of Aut(Bn−1). However, every maximal compact subgroup of a connected
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Lie group is connected whereas Iq is not. Thus, gq �∈ Hq, and hence Hq is
isomorphic to Aut(Bn−1).

We will now show that Hq1 = Hq2 for all q1, q2 ∈ O(p). Suppose first that
n ≥ 3. The Lie algebra lq is isomorphic to sun−1,1. Since the algebra sun−1,1

does not have codimension 1 subalgebras if n ≥ 3 (see e.g. [EaI]), lq is the only
codimension 1 subalgebra of g(M) in this case. This implies that Hq1 = Hq2 for
all q1, q2 ∈ O(p) for n ≥ 3. Assume now that n = 2. By Bochner’s linearization
theorem (see [Bo]) there exist a local holomorphic change of coordinates F
near q on M that identifies an I0

q -invariant neighborhood U of q with an
L0

q-invariant neighborhood U of the origin in Tq(M) such that F (q) = 0 and
F (gs) = αq(g)F (s) for all g ∈ I0

q and s ∈ U . In the proof of Proposition
3.2 (see Case 2) we have seen that L0

q fixes every point in the orthogonal
complement Wq to Tq(O(p)q) in Tq(M). Therefore, for all points s in the

curve F−1
(

U ∩
(

Wq ∩ Tq(O(p))
))

we have I0
s = I0

q . In particular, Hq ∩ Hs

contains a subgroup isomorphic to U1 for such s. Hence lq ∩ ls is isomorphic
to a subalgebra of su1,1 of dimension at least 2 that contains a 1-dimensional
compact subalgebra. It is straightforward to check, however, that every such
subalgebra must coincide with all of su1,1 (cf. the proof of Lemma 5.3 in Chap.

5), which shows that Hq = Hs for all s ∈ F−1
(

U ′ ∩
(

Wq ∩ Tq(O(p))
))

and
hence for all s in a neighborhood of q. Since this argument can be applied to
any q ∈ O(p), we obtain that Hq1 = Hq2 for all q1, q2 ∈ O(p) if n = 2 as well.
From now on we denote the coinciding groups Hq by H and the coinciding
algebras lq by l. Note that the above argument also shows that H is a normal
subgroup of G(M) and l is an ideal in g(M).

We will now prove that H is closed in G(M). Let U be a neighborhood
of 0 in g(M) where the exponential map into G(M) is a diffeomorphism,
and let V := exp(U). To prove that H is closed in G(M) it is sufficient
to show that for some neighborhood W of id ∈ G(M), W ⊂ V , we have
H ∩ W = exp(l ∩ U) ∩ W . Assuming the opposite we obtain a sequence {hj}
of elements of H converging to id in G(M) such that for every j we have
hj = exp(aj) with aj ∈ U \ l. Fix q ∈ O(p). There exists a neighborhood V of
q in O(p) that is CR-equivalent to the direct product of B

n−1 and a segment in
R. For every s in this neighborhood we denote by Ns the complex hypersurface
lying in V that arises from this representation and passes through s. We call
such hypersurfaces local leaves. Let qj := hjq. If j is sufficiently large, we have
qj ∈ V. We will now show that Nqj

�= Nq for large j.
Let U ′′ ⊂ U ′ ⊂ U be neighborhoods of 0 in g(M) such that: (a) exp(U ′′) ·

exp(U ′′) ⊂ exp(U ′); (b) exp(U ′′) · exp(U ′) ⊂ exp(U); (c) U ′ = −U ′; (d)
Iq ∩ exp(U ′) ⊂ exp(l ∩ U ′). We also assume that V is chosen so that Nq ⊂
exp(l ∩ U ′′)q. Suppose that qj ∈ Nq. Then qj = sq for some s ∈ exp(l ∩ U ′′)
and hence t := h−1

j s is an element of Iq. For large j we have h−1
j ∈ exp(U ′′).

Condition (a) now implies that t ∈ exp(U ′) and hence by (c), (d) we have
t−1 ∈ exp(l∩U ′). Therefore, by (b) we obtain hj ∈ exp(l∩U) which contradicts
our choice of hj . Thus, for large j the local leaves Nqj

are distinct from Nq.
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Furthermore, they accumulate to Nq. At the same time we have Nq ⊂ O(p)q

and Nqj
⊂ O(p)q for all j and thus the leaf O(p)q accumulates to itself. Below

we will show that this is in fact impossible thus obtaining a contradiction.
Consider the action of I0

q on O(p)q. The orbit O′(s) of every point s ∈
O(p)q, s �= q, of this action is diffeomorphic to the sphere S2n−3 and we have
O(p)q\O′(s) = V1(s)∪V2(s), where V1(s), V2(s) are open and disjoint in O(p)q,
the point q lies in V1(s), and V2(s) is diffeomorphic to a spherical shell in C

n−1.
Since I0

q is compact, there exist neighborhoods V, V ′ of q in O(p), V ′ ⊂ V, such
that V is represented as a union of local leaves, and I0

qV ′ ⊂ V. Since O(p)q

accumulates to itself near q, there exists s0 ∈ O(p)q ∩ V ′, s0 �∈ Nq. Clearly,
O′(s0) ⊂ V. Since the I0

q -vector fields in g(M) are tangent to the local leaf
Ns0 ⊂ O(p)q at s0 and V is partitioned into non-intersecting local leaves, the
orbit O′(s0) lies in Ns0 . Then we have Ns0 \O′(s0) = W1(s0)∪W2(s0), where
W1(s0) is diffeomorphic to B

n−1. Since q �∈ Ns0 , we have V2(s0) = W1(s0),
which is impossible since in this case V2(s0) is not diffeomorphic to a spherical
shell. This contradiction shows that H is closed in G(M).

Thus, since the action of G(M) is proper on M , the action of H on O(p)
is proper as well, and the orbits of this action are the leaves of the foliation.
Since all isotropy subgroups for the action of H on O(p) are conjugate to each
other, the orbit space O(p)/H is homeomorphic to either R or S1 (see [AA]).
By [Pa] (see also [Alek]) there is a complete H-invariant Riemannian metric
on O(p). Fix p0 ∈ O(p), let F : O(p)p0 → B

n−1 be a biholomorphism, and
consider a normal geodesic γ0 emanating from p0 (see [AA]). We will think of
γ0 as a parametrized curve, with γ0(0) = p0.

Suppose first that O(p)/H is homeomorphic to R. We will now construct
a CR-isomorphism F1 : O(p) → B

n−1 × R using the properties of normal
geodesics listed in Proposition 4.1 of [AA]. In this case γ0 is diffeomorphic
to R. For q ∈ O(p) consider O(p)q, and let r be the (unique) point where γ0

intersects O(p)q. Let h ∈ H be such that q = hr and tq be the value of the
parameter on γ such that γ(tq) = r. Then we set F1(q) := (F (hp0), tq). By
construction, F1 is a real-analytic CR-map.

Suppose now that O(p)/H is homeomorphic to S1. We will construct a CR-
isomorphism F2 : O(p) → B

n−1 ×S1 using the properties of normal geodesics
from Proposition 4.1 and Theorems 5.1, 6.1 of [AA]. Following [AA], consider
the Weyl group W (γ0) of γ0. This group can be identified with a subgroup of
the group NH(I0

q )/I0
q , where q is any point in γ0 and NH(I0

q ) is the normalizer
of I0

q in H. Since H is isomorphic to Aut(Bn−1) and I0
q upon this identification

is conjugate to Un−1 ⊂ Aut(Bn−1), we see that NH(I0
q ) = I0

q and thus W (γ0)
is trivial. This implies that γ0 intersects every O(p)q at exactly one point and
is diffeomorphic to S1 as a subset of O(p). For q ∈ O(p) consider O(p)q, and
let r be the point where γ0 intersects O(p)q. Let h ∈ H be such that q = hr
and tq be the least value of the parameter on γ0 such that γ0(tq) = r. Then
we set F2(q) := (F (hp0), e2πitq/T ), where T is the least positive value of the
parameter for which γ0(T ) = p0. The CR-map F2 is real-analytic.
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It follows from the construction of the maps F1, F2 that the elements of
H ′ := Fj ◦ H|O(p) ◦ F−1

j for the relevant j have the form

(z′, u) �→ (a(z′), u),

where a ∈ Aut(Bn−1) and (z′, u) is a point in either B
n−1 ×R, or B

n−1 × S1.
We will now find the general form of the elements of the group
G′ := Fj ◦ G(M)|O(p) ◦ F−1

j .
Every CR-isomorphism of either B

n−1 × R, or B
n−1 × S1 has the form

(z′, u) �→ (au(z′), µ(u)), (3.14)

where au ∈ Aut(Bn−1) for every u, and µ is a diffeomorphism of either R or S1,
respectively. Since H is normal in G(M), H ′ is normal in G′. Fix an element
of G′ and let {au} be the corresponding family of automorphisms of B

n−1,
as in (3.14). Then we have au1aa−1

u1
= au2aa−1

u2
for all a ∈ Aut(Bn−1) and

all u1, u2. Therefore, a−1
u1

au2 lies in the center of Aut(Bn−1), which is trivial.
Hence we obtain that au1 = au2 for all u1, u2. This shows that every element
of G′ is a composition of an element of H ′ and an element of a one-parameter
family of real-analytic automorphism of the form

(z′, u) �→ (z′, µ(u)).

Since for every q ∈ O(p) there can exist at most one element of G(M)
outside H that fixes q (namely, the transformation gq), the corresponding one-
parameter family {µτ}τ∈R has no fixed points in either R or S1, respectively.
If O(p) is equivalent to B

n−1 ×R, then under the diffeomorphism of R inverse
to the map x �→ µx(0), the family {µτ}τ∈R transforms into the family

(z′, u) �→ (z′, u + τ).

If O(p) is equivalent to B
n−1 × S1, then the diffeomorphism of S1

eiθ �→ exp

(

2πi

c

∫ θ

0

1
V (t)

dt

)

,

with V (t) := dµτ/dτ |τ=0,u=eit and c =
∫ 2π

0
dt/V (t), 0 ≤ t, θ ≤ 2π, transforms

the family {µτ}τ∈R into the family

(z′, u) �→ (z′, e
2πi

c τu).

The diffeomorphisms of R and S1 constructed above are real-analytic.
The proof is complete.

The hypersurfaces determined in Propositions 3.3 and 3.5 will be called
the models for real hypersurface orbits. For a Levi-flat orbit we will always
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assume that a CR-equivalence between the orbit and the corresponding model
is chosen to ensure that G(M)|O(p) is transformed into either RBn−1×R|Bn−1×R

or RBn−1×S1 |Bn−1×S1 .
It is straightforward to see that all models are pairwise CR non-equivalent.

For all models, except the family {εα}α>0, this follows from topological con-
siderations and comparison of the automorphism groups. Furthermore, any
CR-isomorphism between εα and εβ can be lifted to a CR-automorphism of
ω, the universal cover of each of εα and εβ , and it is straightforward to observe
that in order for the lifted map to be well-defined and one-to-one, we must
have β = α.

3.4 Proof of Theorem 3.1

In this section we prove Theorem 3.1 by studying how real and complex hy-
persurface orbits can be glued together to form hyperbolic manifolds with
n2-dimensional automorphism groups.

First of all, suppose that for some p ∈ M the model for O(p) is S2n−1.
It then follows from Proposition 3.4 that M admits an effective action of Un

by holomorphic transformations. All connected n-dimensional manifolds that
admit such actions were listed in [IKru1] (see Sect. 6.2). The only hyperbolic
manifolds with n2-dimensional automorphism group on the list are quotients
of spherical shells Sr/Zl (see (2.1)), for 0 ≤ r < 1 and l = |nk + 1| with k ∈ Z

(note that for such l the groups Un and Un/Zl are isomorphic – see (6.7)).
However, for l > 1 no orbit of the action of G(Sr/Zl) = Un/Zl on Sr/Zl is
diffeomorphic to S2n−1, which gives that M is in fact equivalent to Sr. From
now on we assume that S2n−1 is not the model for any real hypersurface orbit
in M .

Next, we observe that for every model m the group Rm acts by holomor-
phic transformations with real hypersurface orbits on a certain manifold Mm

containing m, such that every orbit of the Rm-action on Mm is equivalent to
m by means of a holomorphic automorphism of Mm of a simple form. We list
the manifolds Mm and corresponding automorphisms below.

(a) MLm
= C

n \{0}/Zm for m > 1; every two RLm
-orbits in C

n \{0}/Zm are
equivalent by means of a map of the form

[z] �→ [rz], (3.15)

where r > 0 and [z] ∈ C
n \ {0}/Zm denotes the equivalence class of z ∈

C
n \ {0}.

(b) Mσ = C
n; every two Rσ-orbits in C

n are equivalent by means of a real
translation in zn.

(c) Mδ = C
n; every two Rδ-orbits in C

n are equivalent by means of a real
dilation in zn.
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(d) Mω = C := {(z′, zn) ∈ C
n−1 × C : |z′| < 1}; every two Rω-orbits in C are

equivalent by means of a real translation in zn.

(e) Mεα
= C0 := C \ {zn = 0}; every two Rεα

-orbits in C0 are equivalent by
means of a real dilation in zn.

(f) MBn−1×R = C; every two RBn−1×R-orbits in C are equivalent by means of
an imaginary translation in zn.

(g) MBn−1×S1 = C0; every two RBn−1×S1-models in C0 are equivalent by means
of a real dilation in zn.

We now assume that every orbit in M is a real hypersurface. Our orbit
gluing procedure in this case comprises the following steps.

(I). Start with a real hypersurface orbit O(p) with model m and consider a
real-analytic CR-isomorphism f : O(p) → m. The map f satisfies

f(gq) = ϕ(g)f(q), (3.16)

for all g ∈ G(M) and q ∈ O(p), where ϕ : G(M) → Rm is a Lie group
isomorphism.

(II). Observe that f can be extended to a biholomorphic map from a G(M)-
invariant connected neighborhood of O(p) in M onto an Rm-invariant neigh-
borhood of m in the corresponding manifold Mm. If G(M) is compact (in
which case m is a lens space Lm with m > 1), then every neighborhood of
O(p) contains a G(M)-invariant neighborhood. In this case, we extend f bi-
holomorphically to some neighborhood of O(p) (this can be done due to the
real-analyticity of f) and choose a G(M)-invariant neighborhood in it.

We now assume that G(M) is non-compact. It will be more convenient
for us to extend the inverse map F := f−1. First of all, extend F to some
neighborhood U of m in Mm to a biholomorphic map onto a neighborhood
W of O(p) in M . One can see from the explicit form of the Rm-action on the
manifold Mm that a neighborhood U can be chosen to satisfy the following
condition that we call Condition ( ∗ ): for every two points s1, s2 ∈ U and
every element h ∈ Rm such that hs1 = s2 there exists a curve γ ⊂ U joining
s1 with a point in m for which hγ ⊂ U (clearly, hγ is a curve joining s2 with
a point in m).

To extend F to a Rm-invariant neighborhood of m, fix s ∈ U and s0 ∈ O(s),
where O(q) denotes the Rm-orbit of a point q ∈ Mm. Choose h0 ∈ Rm such
that s0 = h0s and define F(s0) := ϕ−1(h0)F(s). We will now show that
F is well-defined. Suppose that for some s1, s2 ∈ U and h1, h2 ∈ Rm we
have s0 = h1s1 = h2s2. To show that ϕ−1(h1)F(s1) = ϕ−1(h2)F(s2) we set
h := h−1

2 h1 and, according to Condition ( ∗ ), find a curve γ ⊂ U that joins
s1 with a point in m and such that hγ ⊂ U . Clearly, for all q ∈ m we have
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F(hq) = ϕ−1(h)F(q) (3.17)

(see (3.16)). Consider the set h−1U ∩ U and let Uh be its connected compo-
nent containing m. For q ∈ Uh identity (3.17) holds. It now follows from the
existence of a curve γ as above that s1 ∈ Uh. Thus, (3.17) holds for q = s1,
and we have shown that F is well-defined at s0. The same argument gives that
for s0 ∈ U our definition agrees with the original value F(s0). Thus, we have
extended F to U ′ := ∪s∈UO(s). The extended map is locally biholomorphic,
satisfies (3.17), and maps U ′ onto a G(M)-invariant neighborhood W ′ of O(p)
in M . We will now show that the extended map is 1-to-1 on U ′.

Suppose that for some s0, s
′
0 ∈ U ′, s0 �= s′0, we have F(s0) = F(s′0).

This can only occur if s0 and s′0 lie in the same Rm-orbit, and therefore
there exists a point s ∈ U and elements h, h′ ∈ Rm such that s0 = hs,
s′0 = h′s. Then we have h′−1h �∈ Js and ϕ−1(h′−1h) ∈ IF(s), where Js denotes
the isotropy subgroup of s under the Rm-action. At the same time, we have
ϕ−1(Js) ⊂ IF(s). It follows from the explicit forms of the models and the
corresponding groups that IF(s) and Js are isomorphic to Un−1. Hence we
have ϕ−1(Js) = IF(s) which contradicts the fact that h′−1h �∈ Js.

Thus we have shown that f can be extended to a biholomorphic map
satisfying (3.16) between a G(M)-invariant neighborhood of O(p) in M and
a Rm-invariant neighborhood of m in Mm.

(III). Consider a maximal G(M)-invariant domain D ⊂ M from which there
exists a biholomorphic map f onto an Rm-invariant domain in Mm satisfy-
ing (3.16) for all g ∈ G(M) and q ∈ D. The existence of such a domain is
guaranteed by the previous step. Assume that D �= M and consider x ∈ ∂D.
Let m1 be the model for O(x) and let f1 : O(x) → m1 be a real-analytic
CR-isomorphism satisfying (3.16) for all g ∈ G(M), q ∈ O(x) and some Lie
group isomorphism ϕ1 : G(M) → Rm1 in place of ϕ. As in (III), extend f1

to a biholomorphic map from a connected G(M)-invariant neighborhood V
of O(x) onto an Rm1-invariant neighborhood of m1 in Mm1 . The extended
map satisfies (3.16) for all g ∈ G(M), q ∈ V and ϕ1 in place of ϕ. Consider
s ∈ V ∩ D. The maps f and f1 take O(s) onto an Rm-orbit m′ in Mm and
an Rm1-orbit m′

1 in Mm1 , respectively. Then F := f1 ◦ f−1 maps m′ onto m′
1.

Since the hypersurface m′ is CR-equivalent to m, the hypersurface m′
1 is CR-

equivalent to m1 and all models are pairwise CR non-equivalent, we obtain
m1 = m. Clearly, F is a composition of an element of AutCR(m′) and a map
that takes m′ into m′

1, as listed in (a)–(g) above. We now need to show that F
extends to a holomorphic automorphism of Mm. If m is spherical, this follows
from the fact that every element of AutCR(m′) extends to an automorphism
of Mm; if m is Levi-flat, an additional argument will be required.

(IV). The neighborhood V at step (III) can be chosen so that we have V = V1∪
V2 ∪O(x), where Vj are open connected non-intersecting sets. For spherical m

the existence of such V follows, for example, from the strong pseudoconvexity
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of m, for Levi-flat m it follows from the explicit form of the models: indeed,
each of B

n−1 × R, B
n−1 × S1 splits B

n−1 × C. Next, if V is sufficiently small,
then each Vj either is a subset of D or is disjoint from it. Suppose first that
there is only one j for which Vj ⊂ D. In this case V ∩ D is connected and
V \ (D ∪ O(x)) �= ∅. Setting now

f̃ :=

{

f on D,
F−1 ◦ f1 on V ,

(3.18)

we obtain a biholomorphic extension of f to D∪V . By construction, f̃ satisfies
(3.16) for g ∈ G(M) and q ∈ D ∪V . Since D ∪V is strictly larger than D, we
obtain a contradiction with the maximality of D. Thus, in this case D = M ,
and hence M is holomorphically equivalent to an Rm-invariant domain in Mm

(all such domains will explicitly appear below).
Suppose now that Vj ⊂ D for j = 1, 2. Applying formula (3.18) to suitable

f1 and F , we can extend f |V1 and f |V2 to biholomorphic maps f̂1, f̂2, respec-
tively, from a neighborhood of O(x) into Mm; each of these maps satisfies
(3.16). Let m̂j := f̂j(O(x)), j = 1, 2. Then ∂D = m̂1 ∪ m̂2, m̂1 �= m̂2, and
M \ O(x) is holomorphically equivalent to D. The map F̂ := f̂2 ◦ f̂−1

1 is a
CR-isomorphism from m̂1 onto m̂2, and M is holomorphically equivalent to
the manifold MF̂ obtained from D by identifying m̂1 with m̂2 by means of F̂ .
Since the action of Rm on M \O(x) extends to an action on M , the map F̂ is
Rm-equivariant. In each of cases (a)–(g) this will imply that F̂ extends to a
holomorphic automorphism of Mm of a simple form similar to the correspond-
ing form appearing on list (a)–(g). Let Γ denote the group of automorphisms
of Mm generated by F̂ . It will follow from the explicit forms of F̂ and Mm

in each of cases (a)–(g) that Γ acts freely properly discontinuously on Mm

and that Mm covers M , with Γ being the group of deck transformations of
the covering map. Observe, however, that for every m the manifold Mm is
not hyperbolic. This contradiction shows that exactly one of Vj , j = 1, 2, is a
subset of D, and hence M is holomorphically equivalent to an Rm-invariant
domain in Mm.

We now apply our general orbit gluing procedure in each of cases (a)–(g).
In case (a) any RLm

-invariant domain has the form

{z ∈ C
n : r < |z| < R} /Zm, (3.19)

where 0 ≤ r < R ≤ ∞ (for a hyperbolic domain we necessarily have R < ∞).
If at step (IV) we have Vj ⊂ D for j = 1, 2, then for the domain D we have
r > 0, and F̂ has the form (3.15) with r ∈ C

∗, |r| �= 1 (hence MF̂ is a Hopf
manifold – see Sect. 6.2). In this case M is holomorphically equivalent to
Sr/R/Zm (see (2.1)).

In case (b) any Rσ-invariant domain has the form
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{

(z′, zn) ∈ C
n−1 × C : r + |z′|2 < Re zn < R + |z′|2

}

, (3.20)

where −∞ ≤ r < R ≤ ∞. If at step (IV) we have Vj ⊂ D for j = 1, 2, then
for the domain D we have r > −∞, R < ∞, and F̂ is a translation in zn. In
this case M is holomorphically equivalent either to the domain C (see (3.2))
or (for R = ∞) to B

n; the latter is clearly impossible.
In case (c) any Rδ-invariant domain is given by

{

(z′, zn) ∈ C
n−1 × C : r exp

(

|z′|2
)

< |zn| < R exp
(

|z′|2
)}

, (3.21)

for 0 ≤ r < R ≤ ∞. If at step (IV) we have Vj ⊂ D for j = 1, 2, then for the
domain D we have r > 0, R < ∞, and F̂ is a dilation in zn. In this case M
is holomorphically equivalent either to Ar/R, 1 or (for R = ∞) to A0,−1 (see
(3.2)).

In case (d) any Rω-invariant domain is of the form
{

(z′, zn) ∈ C
n−1 × C : |z′| < 1,

r(1 − |z′|2) < exp (Re zn) < R(1 − |z′|2)
}

,
(3.22)

for 0 ≤ r < R ≤ ∞. If at step (IV) we have Vj ⊂ D for j = 1, 2, then for the
domain D we have r > 0, R < ∞, and F̂ is a translation in zn. In this case
M is holomorphically equivalent either to Br/R, 1 or (for R = ∞) to B0,−1

(see (3.2)).
In case (e) any Rεα

-invariant domain is given by

ER
r,α : =

{

(z′, zn) ∈ C
n−1 × C : |z′| < 1,

r(1 − |z′|2)1/α < |zn| < R(1 − |z′|2)1/α
}

,
(3.23)

for 0 ≤ r < R ≤ ∞. If at step (IV) we have Vj ⊂ D for j = 1, 2, then for the
domain D we have r > 0, R < ∞, and F̂ is a dilation in zn. In this case M is
holomorphically equivalent either to Er/R,1/α or (for R = ∞) to E0,−1/α (see
(3.2)).

Consider now case (f). We need to show that the map F that arises at
step (III) extends to a holomorphic automorphism of C. The RBn−1×R-orbit
of every point in C is of the form

br :=
{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, Im zn = r

}

,

for r ∈ R. Since F maps br1 onto br2 , for some r1, r2 ∈ R, we have F = ν ◦ g,
where ν is an imaginary translation in zn, and g ∈ AutCR(br1). The maps
f and f1 transform the group G(M)|O(x) into the groups RBn−1×R|br1

and
RBn−1×R|br2

, respectively, and therefore g lies in the normalizer of RBn−1×R|br1

in AutCR(br1). Considering g in the general form (3.14), we obtain au1aa−1
u1

=
au2aa−1

u2
for all a ∈ Aut(Bn−1) and all u1, u2. Therefore, a−1

u1
au2 lies in the
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center of Aut(Bn−1), which is trivial. Hence we obtain that au1 = au2 for all
u1, u2. In addition, there exists d ∈ R

∗ such that µ−1(u) + b ≡ µ−1(u + db)
for all b ∈ R. Differentiating this identity with respect to b at b = 0 we see
that µ−1(u) = u/d+ t for some t ∈ R. Therefore, F extends to a holomorphic
automorphism of C as the following map

z′ �→ a(z′),
zn �→ d(zn − t) + iσ,

(3.24)

where a ∈ Aut(Bn−1), σ ∈ R.
Any RBn−1×R-invariant domain is given by

{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, r < Im zn < R

}

,

for −∞ ≤ r < R ≤ ∞. If at step (IV) we have Vj ⊂ D for j = 1, 2, then for
the domain D we have r > −∞, R < ∞, and the argument applied above to
the map F shows that F̂ has the form (3.24). Further, using the fact that F̂ is
RBn−1×R-equivariant, we obtain that F̂ is a translation in zn. In this case M
is holomorphically equivalent to B

n−1 × ∆, which is impossible. This shows
that M in fact does not contain orbits with model B

n−1 × R.
Finally, consider case (g). We need to show that the map F from step (III)

extends to a holomorphic automorphism of C0. The RBn−1×S1-orbit of a point
in C0 has the form

cr :=
{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, |zn| = r

}

,

for r > 0. Since F maps cr1 onto cr2 , for some r1, r2 > 0, we have F = ν ◦ g,
where ν is a real dilation in zn, and g ∈ AutCR(cr1). Analogously to the
previous case, the maps f and f1 transform the group G(M)|O(x) into the
groups RBn−1×S1 |cr1

and RBn−1×S1 |cr2
, respectively, hence the element g lies

in the normalizer of RBn−1×S1 in AutCR(cr1). As before, we take g in the
general form (3.14) and obtain that au1 = au2 for all u1, u2. Furthermore, we
have eicµ−1(u) ≡ µ−1(e±icu). Differentiating this identity with respect to c
at c = 0 we see that µ−1(u) = eitu±1, for some t ∈ R. Therefore, F extends
to a holomorphic automorphism of C0 of the form

z′ �→ a(z′),
zn �→ ρz±1

n e∓it , (3.25)

where ρ ∈ R.
Any RBn−1×S1 -invariant domain in C0 is given by

CR
r :=

{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, r < |zn| < R

}

,

for 0 ≤ r < R ≤ ∞. If at step (IV) we have Vj ⊂ D for j = 1, 2, then for
the domain D we have r > 0, R < ∞, and the argument applied above to
the map F shows that F̂ has the form (3.25). Further, using the fact that
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F̂ is RBn−1×S1-equivariant, we obtain that F̂ is a dilation in zn. In this case
M is holomorphically equivalent either to Er/R,0 or (for R = ∞) to E0,0 (see
(3.2)). This completes the case when M does not contain complex hypersurface
orbits.

We now assume that a complex hypersurface orbit is present in M . Recall
that there are at most two such orbits and that the quotient of G(M) by
a normal subgroup isomorphic to U1 is isomorphic to Aut(Bn−1) (see (iii)
of Proposition 3.2). It now follows from Propositions 3.4 and 3.5 that the
model for every real hypersurface orbit in M is either εα for some α > 0, or
B

n−1×S1. Let M ′ be the manifold obtained from M by removing all complex
hypersurface orbits. It then follows from the above considerations that M ′ is
holomorphically equivalent to either ER

r,α or to CR
r for some 0 ≤ r < R ≤ ∞.

Suppose first that M ′ is equivalent to ER
r,α and let f : M ′ → ER

r,α be a
biholomorphic map satisfying (3.16) for all g ∈ G(M), q ∈ M ′ and some
isomorphism ϕ : G(M) → Rεα

. The group Rεα
in fact acts on all of C, and

the orbit of any point in C with zn = 0 is the complex hypersurface

c0 :=
{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, zn = 0

}

. (3.26)

For a point s ∈ C denote by Js the isotropy subgroup of s under the action of
Rεα

. If s0 ∈ c0 and s0 = (z′0, 0), then Js0 is isomorphic to U1 ×Un−1 and con-
sists of all maps of the form (3.1) with θ = 1/α for which the transformations
in the z′-variables form the isotropy subgroup of the point z′0 in Aut(Bn−1).

Fix s0 = (z′0, 0) ∈ c0 and let

Ns0 :=
{

s ∈ ER
r,α : Js ⊂ Js0

}

. (3.27)

We have

Ns0 =
{

(z′, zn) ∈ C
n−1 × C : z′ = z′0, r(1 − |z′0|2)1/α < |zn| <

R(1 − |z′0|2)1/α
}

.
(3.28)

Thus, Ns0 is either an annulus (possibly, with infinite outer radius) or a punc-
tured disk. In particular, Ns0 is a complex curve in C0.

Since Js0 is a maximal compact subgroup of Rεα
, the group ϕ−1(Js0) is a

maximal compact subgroup of G(M). Let O be a complex hypersurface orbit
in M . For q ∈ O the isotropy subgroup Iq is isomorphic to U1 × Un−1 and
therefore is a maximal compact subgroup of G(M) as well. Thus, ϕ−1(Js0)
is conjugate to Iq for every q ∈ O and hence there exists q0 ∈ O such that
ϕ−1(Js0) = Iq0 . Since the isotropy subgroups in Rεα

of distinct points in c0

do not coincide, such a point q0 is unique.
Let

Kq0 := {q ∈ M ′ : Iq ⊂ Iq0} . (3.29)

Clearly, Kq0 = f−1(Ns0). Thus, Kq0 is a Iq0-invariant complex curve in M ′

equivalent to either an annulus or a punctured disk. By Bochner’s lineariza-
tion theorem (see [Bo]) there exist a local holomorphic change of coordinates
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F near q0 on M that identifies an Iq0-invariant neighborhood U of q0 with
an Lq0 -invariant neighborhood of the origin in Tq0(M) such that F (q0) = 0
and F (gq) = αq0(g)F (q) for all g ∈ Iq0 and q ∈ U . It follows from (iii)
of Proposition 3.2 that Lq0 has two invariant subspaces in Tq0(M). One of
them corresponds in our coordinates to O, the other to a complex curve C
intersecting O transversally at q0. Since near q0 the curve C coincides with
Kq0 ∪{q0}, in a neighborhood of q0 the curve Kq0 is equivalent to a punctured
disk. Further, if a sequence {qj} from Kq0 accumulates to q0, the sequence
{f(qj)} accumulates to one of the two ends of Ns0 , and therefore we have
either r = 0 or R = ∞. Since both these conditions cannot be satisfied si-
multaneously due to the hyperbolicity of M , we conclude that O is the only
complex hypersurface orbit in M .

Assume first that r = 0. We extend f to a map from M onto the domain
{

(z′, zn) ∈ C
n−1 × C : |z′|2 +

1
Rα

|zn|α < 1
}

(3.30)

by setting f(q0) = s0, where q0 ∈ O and s0 ∈ c0 are related as specified
above. The extended map is one-to-one and satisfies (3.16) for all g ∈ G(M),
q ∈ M . To prove that f is holomorphic on all of M , it suffices to show that f is
continuous on O. We will prove that every sequence {qj} in M converging to
q0 has a subsequence along which the values of f converge to s0. Let first {qj}
be a sequence in O. Clearly, there exists a sequence {gj} in G(M) such that
qj = gjq0 for all j. Since G(M) acts properly on M , there exists a converging
subsequence {gjk

} of {gj}, and we denote by g0 its limit. It then follows that
g0 ∈ Iq0 and, since f satisfies (3.16), we obtain that {f(qjk

)} converges to
s0. Next, if {qj} is a sequence in M ′, then there exists a sequence {gj} in
G(M) such that gjqj ∈ Kq0 . Clearly, the sequence {gjqj} converges to q0

and hence {f(gjqj)} converges to s0. Again, the properness of the G(M)-
action on M yields that there exists a converging subsequence {gjk

} of {gj}.
Let g0 be its limit; as before, we have g0 ∈ Iq0 . Property (3.16) now implies
f(qjk

) = [ϕ(gjk
)]−1

f(gjk
qjk

), and therefore {f(qjk
)} converges to s0. Thus,

f is holomorphic on M , and therefore M is holomorphically equivalent to
domain (3.30) and hence to the domain Eα (see (3.2)). Clearly, d(Eα) = n2

only if α �= 2.
Assume now that R = ∞. Observe that one can extend the action of the

group Rεα
on C to an action on C̃ := B

n−1 × CP
1 by holomorphic transfor-

mations by setting g(z′,∞) := (a(z′),∞) for every g ∈ Rεα
, where a is the

corresponding automorphism of B
n−1 in the z′-variables (see formula (3.1)).

Now arguing as in the case r = 0, we can extend f to a biholomorphic map
between M and the domain in C̃

{

(z′, zn) ∈ C
n−1 × C : |z′| < 1, |zn| > r(1 − |z′|2)1/α

}

∪
(

B
n−1 × {∞}

)

.
(3.31)

This domain is holomorphically equivalent to E−1/α (see (3.2)), and so is M .
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In the case when M ′ is holomorphically equivalent to CR
r for some 0 ≤ r <

R ≤ ∞, a similar argument gives that M has to be equivalent to B
n−1 × ∆,

which is impossible.
It now remains to show that all manifolds in (i)-(vii) of (3.2) are pair-

wise holomorphically non-equivalent. Since the automorphism groups of most
manifolds are non-isomorphic (see the discussion following the formulation of
Theorem 3.1 in Sect. 3.1), and the orbits of Un/Zm in C

n \ {0}/Zm are topo-
logically different for distinct m, we must only prove pairwise non-equivalence
of domains within each of the following families: {(ii)-(iv)}, {(v)}, {(vi)}. The
first two families consist of Reinhardt domains. It is shown in [Kru] that two
hyperbolic Reinhardt domains are holomorphically equivalent if and only if
they are equivalent by means of an elementary algebraic map, that is, a map
of the form

zi �→ λiz
ai 1
1 · . . . · zai n

n , i = 1, . . . , n,

where λi ∈ C
∗, aij ∈ Z for all i, j, and det (aij) = ±1. It is straightfor-

ward to verify, however, that no two domains within the first two families are
algebraically equivalent.

Next, for every domain in the third family its group of holomorphic au-
tomorphisms is the group Rω. Therefore, a biholomorphic map between any
two domains D1 and D2 in this family takes every Rω-orbit from D1 into
an Rω-orbit in D2. However, as we noted above, every CR-isomorphism be-
tween two Rω-orbits is a composition of an element of Rω and a translation
in zn. Therefore, D1 can be mapped onto D2 by such a translation. It is clear,
however, that no two domains in the third family can be obtained from one
another by translating zn.

This completes the proof of Theorem 3.1.
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The Case d(M) = n2 − 1, n ≥ 3

In this chapter we begin classifying connected non-homogeneous hyperbolic
manifolds of dimension n ≥ 2 with d(M) = n2 − 1. We start with the case
n ≥ 3. The far more involved case n = 2 will be considered in Chap. 5. We
will now state the main result of the present chapter.

4.1 Main Result

Theorem 4.1. ([I3]) Let M be a connected non-homogeneous hyperbolic
manifold of dimension n ≥ 3 with d(M) = n2 − 1. Then M is holomor-
phically equivalent to B

n−1 × S, where S is a hyperbolic Riemann surface
with d(S) = 0.

The proof of Theorem 4.1 goes along the lines of the proof of Theorem
3.1 in Chap. 3. First of all, in Sect. 4.2 we obtain an initial classification of
G(M)-orbits in M . It turns out that every G(M)-orbit is either a real or
complex hypersurface in M , every real hypersurface orbit is spherical and
every complex hypersurface orbit is holomorphically equivalent to B

n−1 (see
Proposition 4.2). Note that Proposition 4.2 also contains important informa-
tion about G(M)-orbits for n = 2, in particular, it allows in this case for
real hypersurface orbits to be either Levi-flat or Levi non-degenerate non-
spherical, and for 2-dimensional orbits to be totally real rather than complex
submanifolds of M . It turns out that all these possibilities indeed realize (see
Chap. 5).

Next, in Sect. 4.3 we show that real hypersurface orbits in fact cannot
occur (see Theorem 4.3). First, we prove that there may be five possible kinds
of such orbits (identical to those found in Proposition 3.3 in Chap. 3) and
that the presence of an orbit of a particular kind determines G(M) as a Lie
group. Further, when we attempt to glue real hypersurface orbits together
as we did in the proof of Theorem 3.1 in Sect. 3.4, it turns out that for any
resulting hyperbolic manifold M , the value of d(M) is always greater than
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n2 − 1. Hence all G(M)-orbits are in fact complex hypersurfaces. The proof
of Theorem 4.1 is finalized in Sect. 4.4.

4.2 Initial Classification of Orbits

In this section we prove the following proposition.

Proposition 4.2. ([I3]) Let M be a connected non-homogeneous hyperbolic
manifold of dimension n ≥ 2 with d(M) = n2 − 1. Fix p ∈ M and let
V := Tp(O(p)). Then

(i) the orbit O(p) is either a real or complex closed hypersurface in M , or, for
n = 2, a totally real 2-dimensional closed submanifold of M ;

(ii) if O(p) is a real hypersurface, it is either strongly pseudoconvex or, for
n = 2, Levi-flat and foliated by complex curves holomorphically equivalent
to the unit disk ∆; if O(p) is strongly pseudoconvex and n ≥ 3, then O(p)
is spherical; there exist coordinates in Tp(M) such that – with respect to the
orthogonal decomposition Tp(M) = (V ∩ iV )⊥ ⊕ (V ∩ iV ) – the group Lp is
either a subgroup of {id} × Un−1, or, if n = 2 and O(p) is Levi-flat, a finite
subgroup of Z2 × U1; moreover, L0

p = {id} × SUn−1;

(iii) if O(p) is a complex hypersurface, it is holomorphically equivalent to
B

n−1; in this case, if n ≥ 3, there exist coordinates (z1, . . . , zn) in Tp(M) in
which V = {z1 = 0} and L0

p is given by the group Hn
k1,k2

of all matrices of
the form (

a 0
0 B

)

, (4.1)

where B ∈ Un−1 and a ∈ (det B)
k1
k2 , for some k1, k2 ∈ Z, (k1, k2) = 1, k2 �= 0;

furthermore, if n = 2, there exist holomorphic coordinates (z, w) in Tp(M) in
which V = {z = 0} and L0

p is given by either H2
k1,k2

for some k1, k2, or the
group of matrices

(
a 0
0 1

)

, (4.2)

where |a| = 1;

(iv) if n = 2 and O(p) is totally real, then Tp(M) = V ⊕ iV , and there
exist coordinates in V such that every transformation from L0

p has the form:
v1 + iv2 �→ Av1 + iAv2, v1, v2 ∈ V , where A ∈ SO2(R).

Proof: Again, we consider the three cases as in the proof of Proposition 2.1
(cf. the proof of Proposition 3.2).
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Case 1. d := dimC(V + iV ) < n.

Arguing as in the proof of Proposition 2.1 we obtain

n2 − 1 ≤ (n − d)2 + d2 + 2d,

which yields that either d = 0 or d = n − 1. If d = 0, then Ip = G(M) and
hence Lp is isomorphic to G(M). Therefore, dim Lp = n2 − 1, which implies
that Lp = SUn. The group SUn acts transitively on real directions in Tp(M),
and it follows from Theorem 1.7 that M is holomorphically equivalent to B

n.
This is clearly impossible, hence d = n − 1. Then we have

n2 − 1 = dim Lp + dimO(p) ≤ n2 − 2n + 2 + dim O(p).

Thus, dim O(p) ≥ 2n − 3, that is, either dimO(p) = 2n − 2, or dim O(p) =
2n − 3.

Suppose first that dimO(p) = 2n − 2. In this case we have iV = V , and
therefore O(p) is a complex hypersurface in M . Since dim Lp = (n − 1)2, it
follows from the proof of Lemma 2.1 of [IKru1] that L0

p is either U1 ×SUn−1,
or, for some k1, k2, the group Hn

k1,k2
defined in (4.1). Therefore, if n ≥ 3

or n = 2 and L0
p = H2

k1,k2
for some k1, k2, then Lp acts transitively on

real directions in V , and Theorem 1.7 implies that O(p) is holomorphically
equivalent to B

n−1.
Let n ≥ 3 and L0

p = U1 × SUn−1. It then follows from [Bo] (see also [Ka])
that I ′p := α−1

p (U1) is the kernel of the action of G(M) on O(p); in particular,
I ′p is normal in G(M). Therefore, the quotient G(M)/I ′p acts effectively on
O(p). Clearly, dim G(M)/I ′p = n2−2. Thus, the group Aut(O(p)) is isomorphic
to Aut(Bn−1) (in particular, its dimension is n2 − 1) and has a codimension
1 subgroup. However, the Lie algebra sun−1,1 of the group Aut(Bn−1) does
not have codimension 1 subalgebras, if n ≥ 3 (see, e.g., [EaI]). Thus, we have
shown that if n ≥ 3, then L0

p = Hn
k1,k2

for some k1, k2.
Next, if n = 2 and L0

p = U1 × {id} (see (4.2)), then the above argument
shows that O(p) is a hyperbolic complex curve with automorphism group of
dimension at least 2. Hence O(p) is holomorphically equivalent to ∆.

Suppose now that dimO(p) = 2n − 3. In this case dim Lp = n2 − 2n + 2.
which implies Lp = U1 × Un−1. In particular, Lp acts transitively on real di-
rections in V + iV . This is, however, impossible since V is of codimension 1
in V + iV and is Lp-invariant.

Case 2. Tp(M) = V + iV and r := dimC(V ∩ iV ) > 0.

In this case we obtain

n2 − 1 < (n − r)2 + r2 + 2n − 1,
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which shows that either r = 1, or r = n − 1. It then follows that dimLp <
n2 − 2n + 2. Therefore, we have

n2 − 1 = dim Lp + dimO(p) < n2 − 2n + 2 + dim O(p).

Hence dim O(p) > 2n − 3. Thus, we have either dimO(p) = 2n − 1, or
dim O(p) = 2n − 2.

Suppose that dimO(p) = 2n − 1. As in the proof of Proposition 3.2, we
consider the orthogonal complement W to T c

p (O(p)) = V ∩ iV in Tp(M).
Since r = n− 1, we have dimC W = 1. The group Lp is a subgroup of Un and
preserves V , T c

p (O(p)), and W ; hence it preserves the line W ∩ V . Therefore,
it can act only as ±id on W , that is, Lp ⊂ Z2 × Un−1. Since dimLp =
(n−1)2−1, we have L0

p = {id}×SUn−1. In particular, Lp acts transitively on
real directions in T c

p (O(p)), if n ≥ 3. Hence, the orbit O(p) is either Levi-flat
or strongly pseudoconvex for all n ≥ 2. If O(p) is strongly pseudoconvex, then
Lp ⊂ {id} × Un−1.

Suppose first that n ≥ 3 and O(p) is Levi-flat. Then O(p) is foliated by
connected complex submanifolds. Consider, as before, the leaf O(p)p passing
through p. As in the proof of Proposition 3.5, denote by g(M) the Lie algebra
of G(M)-vector fields on M and identify it with the Lie algebra of G(M).
We further identify every vector field from g(M) with its restriction to O(p).
Let lp ⊂ g(M) be the subspace of all vector fields tangent to O(p)p at p.
Since vector fields in lp remain tangent to O(p)p at each point in O(p)p, the
subspace lp is in fact a Lie subalgebra of g(M). It follows from the definition
of lp that dim lp = n2−2. As in the proof of Proposition 3.5, we denote by Hp

the (possibly non-closed) connected subgroup of G(M) with Lie algebra lp. It
is straightforward to verify that the group Hp acts on O(p)p by holomorphic
transformations and that I0

p ⊂ Hp. If some non-trivial element g ∈ Hp acts
trivially on O(p)p, then g ∈ Ip, and it corresponds to the non-trivial element in
Z2 (recall that Lp ⊂ Z2×Un−1). As in the proof of Proposition 3.5, we denote
such g by gp. Thus, either Hp or Hp/Z2 acts effectively on O(p)p (the former
case occurs if gp �∈ Hp, the latter if gp ∈ Hp). The group Lp acts transitively
on real directions in the tangent space T c

p (O(p)) to O(p)p, and it follows from
Theorem 1.7 that O(p)p is holomorphically equivalent to B

n−1. Therefore, the
group Aut(O(p)p) is isomorphic to Aut(Bn−1) (in particular, its dimension is
n2 − 1) and has a codimension 1 (possibly non-closed) subgroup. However,
as we noted above, the Lie algebra of Aut(Bn−1) does not have codimension
1 subalgebras, if n ≥ 3. Thus, O(p) is in fact strongly pseudoconvex. Since
L0

p = {id} × SUn−1, we have dp(O(p)) ≥ (n − 1)2 − 1, and Propositions 1.5,
1.6 give that O(p) is spherical for n ≥ 3.

For n = 2 the above argument shows that O(p) is foliated by connected
hyperbolic complex curves with automorphism group of dimension at least 2,
that is, by complex curves holomorphically equivalent to ∆.

Suppose now that dimO(p) = 2n − 2. Since Tp(M) = V + iV , we have
V �= iV . Therefore, we have r = n− 2, which is only possible for n = 3 (recall
that we have either r = 1, or r = n− 1). In this case dimLp = 4 and, arguing
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as in the proof of Lemma 2.1 of [IKru1], we see that Lp acts transitively on
real directions in the orthogonal complement W to T c

p (O(p)) in Tp(M). This
is, however, impossible since Lp must preserve W ∩ V .

Case 3. Tp(M) = V ⊕ iV .

In this case for n ≥ 3 we obtain a contradiction as in the proof of Proposition
2.1. If n = 2, we clearly have dim Lp = 1. Choosing coordinates in V in which
L0

p|V = SO2(R), we obtain that L0
p acts on Tp(M) as v1 + iv2 �→ Av1 + iAv2,

v1, v2 ∈ V , where A ∈ SO2(R).
The proof of the proposition is complete.

4.3 Non-Existence of Real Hypersurface Orbits

In this section we deal with real hypersurface orbits and eventually show that
they do not in fact occur. Our goal is to prove the following theorem.

Theorem 4.3. ([I3]) Let M be a connected non-homogeneous hyperbolic
manifold of dimension n ≥ 3 with d(M) = n2 − 1. Then no orbit in M is
a real hypersurface.

Proof: First we narrow down the class of all possible real hypersurface orbits
by proving the following analogue of Proposition 3.3.

Proposition 4.4. ([I3]) Let M be a connected hyperbolic manifold of dimen-
sion n ≥ 3 with d(M) = n2 − 1. Assume that for a point p ∈ M its orbit O(p)
is a real hypersurface. Then O(p) is CR-equivalent to one of the hypersurfaces
listed in (3.3).

Proof of Proposition 4.4: The proof is similar to that of Proposition 3.3.
Recall that every real hypersurface orbit in M is spherical (see (ii) of Proposi-
tion 4.2). Excluding from the list of all homogeneous domains in S2n−1 given
in Theorem 3.1 of [BS1] those with automorphism group of dimension less
than n2 − 1 again leads to domains (3.5). Hence, as before, Õ(p) is one of
manifolds (3.6).

If Õ(p) = S2n−1, then, utilizing as before Proposition 5.1 of [BS1], we
obtain that the orbit O(p) is CR-equivalent to a lens space as in (i) of (3.3).

Suppose next that Õ(p) = σ. The group AutCR(σ) consists of all maps
of the form (3.7) and has dimension n2 + 1. In particular, we have n2 − 1 ≤
dim G ≤ n2 + 1. If dimG = n2 + 1, we obtain, as in the proof of Proposition
3.3, that O(p) is CR-equivalent to σ.

Assume now that n2 − 1 ≤ dim G ≤ n2. Since G acts transitively on σ, we
have N ⊂ G, where N is the Heisenberg group (cf. the proof of Proposition
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3.3). As before, this yields that O(p) is CR-equivalent to the hypersurface δ
(see (3.3)).

Suppose finally that Õ(p) = ω. The group AutCR(ω) consists of all maps
of the form (3.11) and has dimension n2. In particular, n2 − 1 ≤ dim G ≤ n2.
Thus, either G = AutCR(ω), or G coincides with the subgroup of AutCR(ω)
given by the condition β = 0 in formula (3.11). In either case, the centralizer
of G in AutCR(ω) consists of all maps of the form (3.8). As before, this gives
that O(p) is CR-equivalent to either ω or εα for some α > 0.

The proof of Proposition 4.4 is complete.

Suppose that for some p ∈ M the orbit O(p) is a real hypersurface in M ,
and let m be the manifold from list (3.3) to which O(p) is CR-equivalent (as
in Chap. 3, we say that m is the model for O(p)). Since G(M) acts properly
and effectively on O(p), the CR-equivalence induces an isomorphism between
G(M) and a closed connected (n2−1)-dimensional subgroup Rm of AutCR(m),
that acts properly and transitively on m. We will now prove an analogue of
Proposition 3.4.

Proposition 4.5. ([I3])

(i) RS2n−1 is conjugate to SUn in AutCR(S2n−1), and RLm
= SUn/(SUn∩Zm)

for m > 1;
(ii) Rσ consists of all maps of the form (3.7) with λ = 1 and U ∈ SUn−1;
(iii) Rδ consists of all maps of the form (3.13) with U ∈ SUn−1;
(iv) Rω consists of all maps of the form (3.11) with β = 0;
(v) εα can only be a model for an orbit in M if α ∈ Q, and in this case the
group Rεα

consists of all maps of the form (3.1) with θ = 1/α and β = 0.

Proof of Proposition 4.5: The proof is similar to that of Proposition 3.4.
If m = Lm for some m ∈ N, then G(M) is compact. Assume first that m = 1.
In this case RS2n−1 is a subgroup of AutCR(S2n−1) = Aut(Bn). Since RS2n−1

is compact, it is conjugate to a subgroup of Un, which is a maximal compact
subgroup in Aut(Bn). Since RS2n−1 is (n2 − 1)-dimensional, it is conjugate to
SUn. Suppose now that m > 1. Recall that the group AutCR (Lm) coincides
with Un/Zm acting on C

n \ {0}/Zm in the standard way. Since RLm
is of

codimension 1 in AutCR (Lm), we have RLm
= SUn/(SUn ∩ Zm), and (i) of

the proposition is obtained.
Assume now that m = σ. Since I0

p is isomorphic to SUn−1, the connected
identity component of the isotropy subgroup of the origin under the Rσ-action
on σ coincides with the group of all maps of the form (3.7) with U ∈ SUn−1,
λ = 1, a = 0, α = 0. Furthermore, since Rσ acts transitively on σ, it contains
the Heisenberg group N , and (ii) of the proposition follows.

Next, the group AutCR(δ) consists of all maps of the form (3.13) and has
dimension n2. In this case the connected identity component of the isotropy
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subgroup of the point (0, . . . , 0, 1) under the Rδ-action on δ coincides with
the group of all maps of the form (3.13) with U ∈ SUn−1, a = 0, β = 0. The
transitivity of the action now gives (iii) of the proposition.

Further, the group AutCR(ω) consists of all maps of the form (3.11) and
has dimension n2. Its only codimension 1 subgroup is given by the condition
β = 0, which yields (iv) of the proposition.

Finally, the group AutCR(εα) consists of all maps of the form (3.1) with
θ = 1/α and has dimension n2. It has a unique codimension 1 subgroup; this
subgroup is given by the condition β = 0. Observe now that it is closed in
AutCR(εα) only if α ∈ Q, and (v) of the proposition follows.

The proof of Proposition 4.5 is complete.

We will now finish the proof of Theorem 4.3. Our argument is similar to
that given in Sect. 3.4.

If for some p ∈ M the model for O(p) is S2n−1, it follows from Proposition
4.5 that M admits an effective action of SUn by holomorphic transformations
and therefore is holomorphically equivalent to one of the manifolds listed in
[IKru2] (see Sect. 6.3). However, none of the manifolds on this list with n ≥ 3
is hyperbolic and has an (n2 − 1)-dimensional automorphism group. Thus,
S2n−1 is not the model for any real hypersurface orbit in M .

As before, we now observe that for every model m the group Rm acts by
holomorphic transformations with real hypersurface orbits on a manifold Mm

containing m, such that every orbit of the Rm-action on Mm is equivalent
to m by means of a holomorphic automorphism of Mm of a simple form. In
addition, every element of AutCR(m) extends to a holomorphic automorphism
of Mm. The manifolds Mm and corresponding automorphisms coincide with
those listed under (a)–(e) in Sect. 3.4.

We now assume that every orbit in M is a real hypersurface and apply
the orbit gluing procedure introduced in Sect. 3.4. Compared to the situation
considered there, the only difference arises at step (II). We will show that the
extended map F is 1-to-1 on an Rm-invariant neighborhood of m contained
in U ′. Suppose that for some s0, s

′
0 ∈ U ′, s0 �= s′0, we have F(s0) = F(s′0).

This can only occur if s0 and s′0 lie in the same Rm-orbit, and therefore there
exist a point s ∈ U and elements h, h′ ∈ Rm such that s0 = hs, s′0 = h′s.
Then we have h

′−1h �∈ Js and ϕ−1(h
′−1h) ∈ IF(s), where Js denotes the

isotropy subgroup of s under the Rm-action. At the same time, we have as
before ϕ−1(Js) ⊂ IF(s). It follows from the explicit forms of the models and
the corresponding groups that the connected identity components of IF(s) and
Js are isomorphic to SUn−1, and that IF(s) has more connected components
than Js only if m = εm/k1 , O(s) is equivalent to εm/k1 , and the model for
O(F(s)) is εm/k2 for some m, k1, k2 ∈ N, (m, k1) = 1, (m, k2) = 1, k2 > k1. If
there is a neighborhood of p not containing a point q such that the model for
O(q) is some εm/k, with k ∈ N, (m, k) = 1, k > k1, then F is biholomorphic on
an Rm-invariant open subset of U ′ containing m. Suppose now that in every
neighborhood of p (that we assume to be contained in W ) there is a point
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q such that the model for O(q) is εm/k, with k ∈ N, (m, k) = 1, k > k1.
Choose a sequence of such points {qj} ⊂ W converging to p. Since the action
of G(M) on M is proper, the isotropy subgroups Iqj

converge to Ip. Every
subgroup Iqj

has more connected components than Jf(qj), and therefore for
a subsequence {jk} of the sequence of indices {j} there is a sequence {gjk

}
with gjk

∈ Iqjk
, ϕ(gjk

) �∈ Jf(qjk
), such that {gjk

} converges to an element of
Ip. At the same time, the sequence {f(qj)} converges to f(p) and therefore
ϕ(gjk

)f(qjk
) lies in U for large k. For large k we have F(ϕ(gjk

)f(qjk
)) = qjk

.
Since ϕ(gjk

) �∈ Jf(qjk
), the point ϕ(gjk

)f(qjk
) does not coincide with f(qjk

).
Thus, we have found two distinct points in U (namely, f(qjk

) and ϕ(gjk
)f(qjk

)
for large k) mapped by F into the same point in W , which contradicts the
fact that F is 1-to-1 on U . Hence, as in Sect. 3.4, we have shown that f can be
extended to a biholomorphic map satisfying (3.16) between a G(M)-invariant
neighborhood of O(p) in M and a Rm-invariant neighborhood of m in Mm.

Applying the orbit gluing procedure, we obtain, as in Sect. 3.4, that M
is holomorphically equivalent to some Sr/Zm (see (2.1)) in case (a), to either
C or B

n in case (b), to either some Ar, 1 or A0,−1 in case (c), to either some
Br, 1 or B0,−1 in case (d), and to either some Er,1/α or E0,−1/α in case (e) –
see (3.2) for the definitions of these domains. However, the dimension of the
automorphism group of each of these manifolds is at least n2.

Assume now that both real and complex hypersurface orbits are present
in M . Since the action of G(M) on M is proper, it follows as in the proof of
Proposition 3.2, that there are at most two complex hypersurface orbits in M .
Statement (iii) of Proposition 4.2 gives that if a complex hypersurface orbit
is present in M , then the quotient of G(M) by a finite normal subgroup is
isomorphic to Aut(Bn−1). Proposition 4.5 now yields that the model for every
real hypersurface orbit in M is εα for some α > 0, α ∈ Q.

Let M ′, as before, be the manifold obtained from M by removing all
complex hypersurface orbits. It then follows from the above considerations
that M ′ is holomorphically equivalent to ER

r,α for some 0 ≤ r < R ≤ ∞ (see
(3.23)) by means of a map f satisfying (3.16) for all g ∈ G(M), q ∈ M ′ and
some isomorphism ϕ : G(M) → Rεα

. The group Rεα
acts on all of C (see Sect.

3.4), and the orbit of any point in C with zn = 0 is the complex hypersurface
c0 (see (3.26)). For a point s ∈ C denote by Js the isotropy subgroup of s
under the action of Rεα

. If s0 ∈ c0 and s0 = (z′0, 0), then Js0 is isomorphic to
Hn

k1,k2
, where k1/k2 = 2/αn and consists of all elements of Rεα

for which the
transformations in the z′-variables form the isotropy subgroup of the point z′0
in Aut(Bn−1).

Fix s0 = (z′0, 0) ∈ c0 and consider the set Ns0 defined as in (3.27). Clearly,
Ns0 is given by formula (3.28), and therefore is either an annulus (possibly,
with infinite outer radius) or a punctured disk. In particular, Ns0 is a complex
curve in C0 (see Sect. 3.4).

Since Js0 is a maximal compact subgroup of Rεα
, the group ϕ−1(Js0) is a

maximal compact subgroup of G(M). Let O be a complex hypersurface orbit
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in M . For q ∈ O the isotropy subgroup Iq is compact and has dimension
(n− 1)2 = dim Js0 . It then follows that Iq is a maximal compact subgroup of
G(M) as well (in particular, Iq is connected), and hence ϕ−1(Js0) is conjugate
to Iq for every q ∈ O. Therefore, there exists q0 ∈ O such that ϕ−1(Js0) = Iq0 .
Since the isotropy subgroups in Rεα

of distinct points in c0 do not coincide,
such a point q0 is unique.

Now, arguing as in Sect. 3.4, one can show that f extends to a biholo-
morphic map from M onto one of domains (3.30), (3.31). This is, however,
impossible, since the automorphism group of each of these domains has di-
mension at least n2.

The proof of Theorem 4.3 is complete.

4.4 Proof of Theorem 4.1

By Theorem 4.3, the orbit of every point in M is a complex hypersurface.
Fix p ∈ M . By (iii) of Proposition 4.2 the group L0

p is given by some Hn
k1,k2

(see (4.1)). Observe that if k1 �= 0, then there exists a neighborhood U of
p such that for every q ∈ U \ O(p) the values at q of G(M)-vector fields
span a codimension 1 subspace of Tq(M). Hence a real hypersurface orbit is
present in M in this case. This contradiction shows that in fact k1 = 0, that
is, L0

p = Hn
0,1. Arguing as in the proof of Lemma 4.4 of [IKru1], we now obtain

that the full group Lp consists of all matrices of the form
(

α 0
0 B

)

, (4.3)

where B ∈ Un−1 and αm = 1 for some m ≥ 1. It then follows from [Bo] that
the kernel of the action of G(M) on O(p) is I ′p := α−1

p (Zm), where we identify
Zm with the subgroup of Lp that consists of all matrices of the form (4.3) with
B = id. Thus, G(M)/I ′p acts effectively on O(p). Since O(p) is holomorphi-
cally equivalent to B

n−1 and dim G(M) = n2 − 1 = d(Bn−1), we obtain that
G(M)/I ′p is isomorphic to Aut(Bn−1). Since the image of Ip under the pro-
jection G(M) → Aut(Bn−1) is a maximal compact subgroup of Aut(Bn−1),
it follows that Ip is a maximal compact subgroup in G(M). However, every
maximal compact subgroup of a connected Lie group is connected whereas Ip

is not if m > 1. Thus, m = 1, and hence G(M) is isomorphic to Aut(Bn−1).
It also follows that Lp fixes every point in the orthogonal complement W to
Tp(O(p)) in Tp(M). Observe that the above arguments apply to every point
in M .

Define
Sp := {s ∈ M : Is = Ip} .

Clearly, Ip fixes every point in Sp and Ngp = gSp for all g ∈ G(M). Further,
since for two distinct points s1, s2 lying in the same orbit we have Is1 �= Is2 ,
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the set Sp intersects every orbit in M at exactly one point. By Bochner’s
linearization theorem (see [Bo]) there exist a local holomorphic change of
coordinates F near p in M that identifies an Ip-invariant neighborhood U
of p with an Lp-invariant neighborhood U of the origin in Tp(M) such that
F (p) = 0 and F (gq) = αp(g)F (q) for all g ∈ Ip and q ∈ U . Since Lp = Hn

0,1,
we have Sp ∩ U = F−1(W ∩ U). In particular, Sp is a complex curve near p.
Since the same argument can be carried out at every point of Sp, we obtain
that Sp is a closed complex hyperbolic curve in M .

We will now construct a biholomorphic map f : M → B
n−1 × Sp. Let

f0 : O(p) → B
n−1 be a biholomorphism. For q ∈ M let r be the (unique)

point where Sp intersects O(q). Let g ∈ G(M) be such that q = gr. Then we
set f(q) := (f0(gp), r). By construction, f is biholomorphic. Clearly, we have
d(Sp) = 0.

The proof of Theorem 4.5 is complete.



5

The Case of (2,3)-Manifolds

In this chapter we finalize our classification of connected non-homogeneous
hyperbolic manifolds of dimension n ≥ 2 with d(M) = n2 − 1 by consid-
ering the case n = 2. We then have d(M) = 3, and, as we stated in Sect.
1.4, for brevity we call connected 2-dimensional hyperbolic manifolds with 3-
dimensional automorphism group (2,3)-manifolds. Proposition 4.2 gives that
if M is a (2,3)-manifold, then for every p ∈ M the orbit O(p) has (real) codi-
mension 1 or 2 in M , and in the latter case O(p) is either a complex curve or
a totally real submanifold. We start by making the following remark.

Remark 5.1. If no codimension 1 orbits are present in a (2,3)-manifold M ,
then, arguing as in Sect. 4.4, one can prove that M is holomorphically equiv-
alent to ∆ × S, where S is a hyperbolic Riemann surface with d(S) = 0.

Thus, from now on we only consider (2,3)-manifolds with codimension 1
orbits. Clearly, every codimension 1 orbit is either strongly pseudoconvex or
Levi-flat.

The chapter is organized as follows. In Sect. 5.1 we give a large number of
examples of (2,3)-manifolds. It will be shown in later sections that in fact these
examples form a complete classification of (2,3)-manifolds with codimension
1 orbits.

In Sect. 5.2 we deal with the case when every orbit is strongly pseudo-
convex and classify all (2,3)-manifolds with this property in Theorem 5.2.
An important ingredient in the proof of Theorem 5.2 is E. Cartan’s classi-
fication of 3-dimensional homogeneous strongly pseudoconvex CR-manifolds
(see [CaE1]), together with the explicit determination of all covers of the non
simply-connected hypersurfaces on Cartan’s list (see [I4]). The explicit real-
izations of the covers are important for our arguments throughout the chapter,
especially for those in the proof of Theorem 5.7 in Sect. 5.4. Another ingre-
dient in the proof of Theorem 5.2 is an orbit gluing procedure similar to that
used in Sect. 3.4 that allows us to join strongly pseudoconvex orbits together
to form (2,3)-manifolds.
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Studying situations when Levi-flat and codimension 2 orbits can occur is
perhaps the most interesting part of the chapter. In Sect. 5.3 we deal with
Levi-flat orbits. According to (ii) of Proposition 4.2, every such orbit is foliated
by complex manifolds equivalent to ∆. We describe Levi-flat orbits together
with all possible actions of G(M) in Proposition 5.4 and use this descrip-
tion to classify in Theorem 5.6 all (2,3)-manifolds for which every orbit has
codimension 1 and at least one orbit is Levi-flat.

Finally, in Sect. 5.4 we allow codimension 2 orbits to be present in the
manifold. Every complex curve orbit is equivalent to ∆ (see (iii) of Proposi-
tion 4.2), whereas no initial description of totally real orbits is available. As
before, the properness of the G(M)-action implies that there are at most two
codimension 2 orbits in M , and in the proof of Theorem 5.7 we investigate
how one or two such orbits can be added to the previously obtained manifolds.
This is done by studying complex curves invariant under the actions of the
isotropy subgroups of points lying in codimension 2 orbits.

To summarize, our classification of (2,3)-manifolds is contained in Remark
5.1 and Theorems 5.2, 5.6, 5.7.

5.1 Examples of (2,3)-Manifolds

In this section we give a large number of examples of (2,3)-manifolds. It will
be shown in the forthcoming sections that these examples (upon excluding
equivalent manifolds) give a complete classification of (2,3)-manifolds with
codimension 1 orbits.

(1) In this example strongly pseudoconvex and Levi-flat orbits occur.

(a) Fix α ∈ R, α �= 0, 1, and choose 0 ≤ s < t ≤ ∞ with either s > 0 or
t < ∞. Define

Rα,s,t :=
{

(z, w) ∈ C
2 : s (Re z)α

< Re w < t (Re z)α
, Re z > 0

}

. (5.1)

The group G(Rα,s,t) = Aut(Rα,s,t) consists of all maps

z �→ λz + iβ,
w �→ λαw + iγ,

(5.2)

where λ > 0 and β, γ ∈ R. The G(Rα,s,t)-orbits are the following pairwise
CR-equivalent strongly pseudoconvex hypersurfaces:

ORα
ν :=

{

(z, w) ∈ C
2 : Re w = ν (Re z)α

, Re z > 0
}

, s < ν < t,

and we set
τα := ORα

1 . (5.3)

For every α ∈ R we denote the group of maps of the form (5.2) by Gα.
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(b) If in the definition of Rα,s,t we let −∞ ≤ s < 0 < t ≤ ∞, where at least
one of s, t is finite, we again obtain a hyperbolic domain whose automorphism
group coincides with Gα, unless α = 1/2 and t = −s (observe that R1/2,s,−s is
equivalent to B

2). In such domains, in addition to the strongly pseudoconvex
orbits ORα

ν for suitable values of ν (which are allowed to be negative), there
is the following unique Levi-flat orbit:

O1 :=
{

(z, w) ∈ C
2 : Re z > 0, Re w = 0

}

. (5.4)

(c) For α > 0, α �= 1, −∞ < s < 0 < t < ∞ define

R̂α,s,t := Rα,s,∞ ∪
{

(z, w) ∈ C
2 : Re w > t (−Re z)α

, Re z < 0
}

∪ Ô1,

where
Ô1 :=

{

(z, w) ∈ C
2 : Re z = 0, Re w > 0

}

. (5.5)

The group G(R̂α,s,t) = Aut(R̂α,s,t) coincides with Gα, and, in addition to
strongly pseudoconvex orbits CR-equivalent to τα, the Levi-flat hypersurfaces
O1 and Ô1 are also Gα-orbits in R̂α,s,t.

(2) In this example strongly pseudoconvex orbits and a single Levi-flat orbit
arise.

(a) For 0 ≤ s < t ≤ ∞ with either s > 0 or t < ∞ define

Us,t :=
{

(z, w) ∈ C
2 : Re w · ln (sRe w) < Re z <

Re w · ln (tRe w) , Re w > 0
}

.
(5.6)

The group G(Us,t) = Aut(Us,t) consists of all maps

z �→ λz + (λ ln λ)w + iβ,
w �→ λw + iγ,

(5.7)

where λ > 0 and β, γ ∈ R. The G(Us,t)-orbits are the following pairwise
CR-equivalent strongly pseudoconvex hypersurfaces:

OU
ν :=

{

(z, w) ∈ C
2 : Re z = Re w · ln (νRe w) , Re w > 0

}

, s < ν < t,

and we set
ξ := OU

1 . (5.8)

We denote the group of all maps of the form (5.7) by G.

(b) For −∞ < t < 0 < s < ∞ define

Ûs,t = Us,∞ ∪
{

(z, w) ∈ C
2 : Re z > Re w · ln (tRe w) , Re w < 0

}

∪ O1.
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The group G(Ûs,t) = Aut(Ûs,t) coincides with G, and, in addition to strongly
pseudoconvex orbits CR-equivalent to ξ, the Levi-flat hypersurface O1 is also
a G-orbit in Ûs,t.

(3) In this example strongly pseudoconvex orbits and a totally real orbit
occur.

(a) For 0 ≤ s < t < ∞ define

Ss,t :=
{

(z, w) ∈ C
2 : s < (Re z)2 + (Re w)2 < t

}

. (5.9)

The group G(Ss,t) consists of all maps of the form
(

z
w

)

�→ A

(
z
w

)

+ i

(
β
γ

)

, (5.10)

where A ∈ SO2(R) and β, γ ∈ R. The G(Ss,t)-orbits are the following pairwise
CR-equivalent strongly pseudoconvex hypersurfaces:

OS
ν :=

{

(z, w) ∈ C
2 : (Re z)2 + (Re w)2 = ν

}

, s < ν < t,

and we set
χ := OS

1 . (5.11)

We denote the group of all maps of the form (5.10) by Rχ.

(b) For 0 < t < ∞ set

St :=
{

(z, w) ∈ C
2 : (Re z)2 + (Re w)2 < t

}

. (5.12)

The group G(St) coincides with Rχ, and, apart from strongly pseudoconvex
orbits CR-equivalent to χ, its action on St has the totally real orbit

O2 :=
{

(z, w) ∈ C
2 : Re z = 0, Re w = 0

}

. (5.13)

(4) In this example we explicitly describe all covers of the domains Ss,t and
hypersurface χ introduced in (3) (for more details see [I4]). Only strongly
pseudoconvex orbits occur here.

Let Φ
(∞)
χ : C

2 → C
2 be the following map:

z �→ exp (Re z) cos (Im z) + iRe w,
w �→ exp (Re z) sin (Im z) + iIm w.

It is easy to see that Φ
(∞)
χ is an infinitely-sheeted covering map onto C

2 \
{Re z = 0, Re w = 0}. Introduce on the domain of Φ

(∞)
χ the complex structure
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defined by the condition that the map Φ
(∞)
χ is holomorphic (the pull-back

complex structure under Φ
(∞)
χ ), and denote the resulting manifold by M

(∞)
χ .

Next, for an integer n ≥ 2, consider the map Φ
(n)
χ from C

2 \{Re z = 0, Re w =
0} onto itself defined as follows:

z �→ Re
(

(Re z + iRe w)n
)

+ iIm z,

w �→ Im
(

(Re z + iRe w)n
)

+ iIm w.
(5.14)

Denote by M
(n)
χ the domain of Φ

(n)
χ with the pull-back complex structure

under Φ
(n)
χ .

For 0 ≤ s < t < ∞, n ≥ 2 define

S
(n)
s,t :=

{

(z, w) ∈ M
(n)
χ : s1/n < (Re z)2 + (Re w)2 < t1/n

}

,

S
(∞)
s,t :=

{

(z, w) ∈ M
(∞)
χ : (ln s)/2 < Re z < (ln t)/2

}

.
(5.15)

The domains S
(n)
s,t and S

(∞)
s,t are respectively an n- and infinite-sheeted cover

of the domain Ss,t. The group G
(

S
(n)
s,t

)

for n ≥ 2 consists of all maps

z �→ cos ψ · Re z + sin ψ · Re w+
i
(

cos(nψ) · Im z + sin(nψ) · Im w + β
)

,

w �→ − sin ψ · Re z + cos ψ · Re w+
i
(

− sin(nψ) · Im z + cos(nψ) · Im w + γ
)

,

(5.16)

where ψ, β, γ ∈ R. The G
(

S
(n)
s,t

)

-orbits are the following pairwise CR-
equivalent strongly pseudoconvex hypersurfaces:

OS
(n)

ν :=
{

(z, w) ∈ M (n)
χ : (Re z)2 + (Re w)2 = ν

}

, s1/n < ν < t1/n,

and we set
χ(n) := OS

(n)

1 (5.17)

(this hypersurface is an n-sheeted cover of χ).
The group G

(

S
(∞)
s,t

)

consists of all maps

z �→ z + iβ,
w �→ eiβw + a,

(5.18)

where β ∈ R, a ∈ C. The G
(

S
(∞)
s,t

)

-orbits are the following pairwise CR-
equivalent strongly pseudoconvex hypersurfaces:
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OS
(∞)

ν :=
{

(z, w) ∈ M (∞)
χ : Re z = ν

}

, (ln s)/2 < ν < (ln t)/2,

and we set
χ(∞) := OS

(∞)

0 (5.19)

(this hypersurface is an infinitely-sheeted cover of χ).

(5) As in the preceding example, only strongly pseudoconvex orbits occur
here.

Fix α > 0 and for 0 < t < ∞, e−2παt < s < t consider the tube domain

Vα,s,t :=
{

(z, w) ∈ C
2 : seαφ < r < teαφ

}

, (5.20)

where (r, φ) denote the polar coordinates in the (Re z,Re w)-plane with φ
varying from −∞ to ∞ (thus, the boundary of Vα,t,s∩R

2 consists of two spirals
accumulating to the origin and infinity). The group G(Vα,s,t) = Aut(Vα,s,t)
consists of all maps of the form

(
z
w

)

�→ eαψ

(
cos ψ sinψ

− sin ψ cos ψ

)(
z
w

)

+ i

(
β
γ

)

, (5.21)

where ψ, β, γ ∈ R. The G(Vα,s,t)-orbits are the following pairwise CR-
equivalent strongly pseudoconvex hypersurfaces:

OVα
ν :=

{

(z, w) ∈ C
2 : r = νeαφ

}

, s < ν < t,

and we set
ρα := OVα

1 . (5.22)

(6) In this example strongly pseudoconvex orbits and a totally real orbit arise.

(a) For 1 ≤ s < t < ∞ define

Es,t :=
{

(ζ : z : w) ∈ CP
2 : s|ζ2 + z2 + w2| < |ζ|2 + |z|2 + |w|2 <

t|ζ2 + z2 + w2|
}

.
(5.23)

The group G(Es,t) = Aut(Es,t) is given by
⎛

⎝

ζ
z
w

⎞

⎠ �→ A

⎛

⎝

ζ
z
w

⎞

⎠ , (5.24)

where A ∈ SO3(R). The orbits of the action of the group G(Es,t) on Es,t

are the following pairwise CR non-equivalent strongly pseudoconvex hyper-
surfaces:
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µα :=
{

(ζ : z : w) ∈ CP
2 : |ζ|2 + |z|2 + |w|2 = α|ζ2 + z2 + w2|

}

,
s < α < t.

(5.25)

We denote the group of all maps of the form (5.24) by Rµ.

(b) For 1 < t < ∞ define

Et :=
{

(ζ : z : w) ∈ CP
2 : |ζ|2 + |z|2 + |w|2 < t|ζ2 + z2 + w2|

}

. (5.26)

The group G(Et) coincides with Rµ, and its action on Et has, apart from
strongly pseudoconvex orbits, the following totally real orbit:

O3 := RP
2 ⊂ CP

2. (5.27)

(7) Here we explicitly describe all covers of the domains Es,t and hypersurfaces
µα introduced in (6) (for more details see [I4]). As we will see below, to one
of the covers of E1,t a totally real orbit can be attached.

(a) Let Q+ be the variety in C
3 given by

z2
1 + z2

2 + z2
3 = 1. (5.28)

Consider the map Φµ : C
2 \ {0} → Q+ defined by the formulas

z1 = −i(z2 + w2) + i
zw − wz

|z|2 + |w|2 ,

z2 = z2 − w2 − zw + wz

|z|2 + |w|2 ,

z3 = 2zw +
|z|2 − |w|2
|z|2 + |w|2 .

(5.29)

This map was introduced in [Ros]. It is straightforward to verify that Φµ is
a 2-to-1 covering map onto Q+ \ R

3. We now equip the domain of Φµ with
the pull-back complex structure under Φµ and denote the resulting complex
manifold by M

(4)
µ .

For 1 ≤ s < t < ∞ define

E
(2)
s,t :=

{

(z1, z2, z3) ∈ C
3 : s < |z1|2 + |z2|2 + |z3|2 < t

}

∩Q+,

E
(4)
s,t :=

{

(z, w) ∈ M
(4)
µ :

√

(s − 1)/2 < |z|2 + |w|2 <
√

(t − 1)/2
}

.

(5.30)

These domains are respectively a 2- and 4-sheeted cover of the domain Es,t,
where E

(2)
s,t covers Es,t by means of the map Ψµ : (z1, z2, z3) �→ (z1 : z2 : z3)

and E
(4)
s,t covers Es,t by means of the composition Ψµ ◦ Φµ.
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The group G
(

E
(2)
s,t

)

consists of all maps

⎛

⎝

z1

z2

z3

⎞

⎠ �→ A

⎛

⎝

z1

z2

z3

⎞

⎠ , (5.31)

where A ∈ SO3(R). The G
(

E
(2)
s,t

)

-orbits are the following pairwise CR non-
equivalent strongly pseudoconvex hypersurfaces:

µ(2)
α :=

{

(z1, z2, z3) ∈ C
3 : |z1|2 + |z2|2 + |z3|2 = α

}

∩Q+, s < α < t (5.32)

(note that µ
(2)
α is a 2-sheeted cover of µα). We denote the group of all maps

of the form (5.31) by R(2)
µ . This group is clearly isomorphic to Rµ.

The group G
(

E
(4)
s,t

)

consists of all maps

(
z
w

)

�→ A

(
z
w

)

, (5.33)

where A ∈ SU2. The G
(

E
(4)
s,t

)

-orbits are the following pairwise CR non-
equivalent strongly pseudoconvex hypersurfaces:

µ(4)
α :=

{

(z, w) ∈ M (4)
µ : |z|2 + |w|2 =

√

(α − 1)/2
}

, s < α < t (5.34)

(note that µ
(4)
α is a 4-sheeted cover of µα).

(b) For 1 < t < ∞ define

E
(2)
t :=

{

(z1, z2, z3) ∈ C
3 : |z1|2 + |z2|2 + |z3|2 < t

}

∩Q+. (5.35)

The group G
(

E
(2)
t

)

coincides with R(2)
µ , and, apart from strongly pseudo-

convex orbits, its action on E
(2)
t has the totally real orbit

O4 :=
{

(x1, x2, x3) ∈ R
3 : x2

1 + x2
2 + x2

3 = 1
}

= Q+ ∩ R
3. (5.36)

(8) In this example strongly pseudoconvex orbits and a totally real orbit arise.

(a) For −1 ≤ s < t ≤ 1 define

Ωs,t :=
{

(z, w) ∈ C
2 : s|z2 + w2 − 1| < |z|2 + |w|2 − 1 <

t|z2 + w2 − 1|
}

.
(5.37)
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The group G(Ωs,t) consists of all maps

(
z
w

)

�→

(
a11 a12

a21 a22

)(
z
w

)

+
(

b1

b2

)

c1z + c2w + d
, (5.38)

where

Q :=

⎛

⎝

a11 a12 b1

a21 a22 b2

c1 c2 d

⎞

⎠ ∈ SO2,1(R)0. (5.39)

The orbits of G(Ωs,t) on Ωs,t are the following pairwise CR non-equivalent
strongly pseudoconvex hypersurfaces:

να :=
{

(z, w) ∈ C
2 : |z|2 + |w|2 − 1 = α|z2 + w2 − 1|

}

\
{

(x, u) ∈ R
2 : x2 + u2 = 1

}

, s < α < t.
(5.40)

We denote the group of all maps of the form (5.38) by Rν .

(b) For −1 < t ≤ 1 define

Ωt :=
{

(z, w) ∈ C
2 : |z|2 + |w|2 − 1 < t|z2 + w2 − 1|

}

. (5.41)

The group G(Ωt) for t < 1 coincides with Rν , and its action on Ωt, apart
from strongly pseudoconvex orbits, has the totally real orbit

O5 :=
{

(x, u) ∈ R
2 : x2 + u2 < 1

}

⊂ C
2. (5.42)

We note that Ω1 is holomorphically equivalent to ∆2 (see (11)(c) be-
low); hence it has a 6-dimensional automorphism group and therefore will be
excluded from our considerations.

(9) In this example strongly pseudoconvex orbits and a complex curve orbit
occur.

(a) For 1 ≤ s < t ≤ ∞ define

Ds,t :=
{

(z, w) ∈ C
2 : s|1 + z2 − w2| < 1 + |z|2 − |w|2 <

t|1 + z2 − w2|, Im (z(1 + w)) > 0
}

,
(5.43)

where Ds,∞ is assumed not to include the complex curve

O :=
{

(z, w) ∈ C
2 : 1 + z2 − w2 = 0, Im(z(1 + w)) > 0

}

. (5.44)

For every matrix Q ∈ SO2,1(R)0 as in (5.39) consider the map
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(
z
w

)

�→

(
a22 b2

c2 d

)(
z
w

)

+
(

a21

c1

)

a12z + b1w + a11
. (5.45)

The group G(Ds,t) = Aut(Ds,t) consists of all such maps. The orbits of
G(Ds,t) on Ds,t are the following pairwise CR non-equivalent strongly pseudo-
convex hypersurfaces:

ηα :=
{

(z, w) ∈ C
2 : 1 + |z|2 − |w|2 = α|1 + z2 − w2|,

Im(z(1 + w)) > 0
}

, s < α < t.
(5.46)

We denote the group of all maps of the form (5.45) by Rη (note that Rη is
isomorphic to Rν).

(b) For 1 ≤ s < ∞ define

Ds :=
{

(z, w) ∈ C
2 : 1 + |z|2 − |w|2 > s|1 + z2 − w2|,

Im (z(1 + w)) > 0
}

,
(5.47)

The group G(Ds) = Aut(Ds) coincides with Rη. Apart from strongly pseudo-
convex orbits, its action on Ds has the complex curve orbit O.

(10) In this example we explicitly describe all covers of the domains Ωs,t, Ds,t

and the hypersurfaces να, ηα introduced in (8) and (9) (for more details see
[I4]). Only strongly pseudoconvex orbits occur here.

Denote by (z0 : z1 : z2 : z3) homogeneous coordinates in CP
3; we think of

the hypersurface {z0 = 0} as the infinity. Let Q− be the variety in CP
3 given

by
z2
1 + z2

2 − z2
3 = z2

0 . (5.48)

Next, let (ζ : z : w) be homogeneous coordinates in CP
2 (where we think of

the hypersurface {ζ = 0} as the infinity), and let

Σ :=
{

(ζ : z : w) ∈ CP
2 : |w| < |z|

}

. (5.49)

For every integer n ≥ 2 consider the map Φ(n) from Σ to Q− defined as
follows:

z0 = ζn,

z1 = −i(zn + zn−2w2) − i
zw + wz

|z|2 − |w|2 ζn,

z2 = zn − zn−2w2 +
zw − wz

|z|2 − |w|2 ζn,

z3 = −2izn−1w − i
|z|2 + |w|2
|z|2 − |w|2 ζn.

(5.50)
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The above maps were introduced in [I4] and are analogous to the map Φµ

defined in (5.29). Further, set

A(n)
ν :=

{

(z, w) ∈ C
2 : 0 < |z|n − |z|n−2|w|2 < 1

}

,

A(n)
η :=

{

(z, w) ∈ C
2 : |z|n − |z|n−2|w|2 > 1

} (5.51)

(both domains lie in the finite part of CP
2 given by ζ = 1). Clearly,

A(n)
ν , A(n)

η ⊂ Σ for all n ≥ 2. Let Φ
(n)
ν and Φ

(n)
η be the restrictions of Φ(n)

to A(n)
ν and A(n)

η , respectively. It is straightforward to observe that Φ
(n)
ν and

Φ
(n)
η are n-to-1 covering maps onto

Aν :=
{

(z1, z2, z3) ∈ C
3 : −1 < |z1|2 + |z2|2 − |z3|2 < 1,

Im z3 < 0
}

∩Q−
(5.52)

and

Aη :=
{

(z1, z2, z3) ∈ C
3 : |z1|2 + |z2|2 − |z3|2 > 1,

Im(z2(z1 + z3)) > 0
}

∩Q−,
(5.53)

respectively (both domains lie in the finite part of CP
3 given by z0 = 1). We

now introduce on A(n)
ν , A(n)

η the pull-back complex structures under the maps
Φ

(n)
ν , Φ

(n)
η , respectively, and denote the resulting complex manifolds by M

(n)
ν ,

M
(n)
η .
Further, let Λ : C × ∆ → Σ ∩ {ζ = 1} be the following covering map:

z �→ ez,
w �→ ezw,

(5.54)

where z ∈ C, w ∈ ∆. Define

Uν :=
{

(z, w) ∈ C
2 : |w| < 1, exp(2Re z)(1 − |w|2) < 1

}

,
Uη :=

{

(z, w) ∈ C
2 : |w| < 1, exp(2Re z)(1 − |w|2) > 1

}

.

Denote by Λν , Λη the restrictions of Λ to Uν , Uη, respectively. Clearly, Uν

covers M
(2)
ν by means of Λν , and Uη covers M

(2)
η by means of Λη. We now

introduce on Uν , Uη the pull-back complex structures under the maps Λν , Λη,
respectively, and denote the resulting complex manifolds by M

(∞)
ν , M

(∞)
η .

For −1 ≤ s < t ≤ 1, n ≥ 2 we now define

Ω
(n)
s,t :=

{

(z, w) ∈ M
(n)
ν :

√

(s + 1)/2 < |z|n − |z|n−2|w|2 <
√

(t + 1)/2
}

,

Ω
(∞)
s,t :=

{

(z, w) ∈ M
(∞)
ν :

√

(s + 1)/2 < exp (2Re z) (1 − |w|2) <
√

(t + 1)/2
}

.

(5.55)
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The domain Ω
(n)
s,t , n ≥ 2, is an n-sheeted cover of the domain Ωs,t introduced

in (8) and the domain Ω
(∞)
s,t is its infinitely-sheeted cover. The domain Ω

(n)
s,t

covers Ωs,t by means of the composition Ψν ◦ Φ
(n)
ν , where Ψν is the following

1-to-1 map from Aν to C
2 : (z1, z2, z3) �→ (z1/z3, z2/z3); the domain Ω

(∞)
s,t

covers Ωs,t by means of the composition Ψν ◦ Φ
(2)
ν ◦ Λν .

The group G
(

Ω
(n)
s,t

)

consists of all maps of the form

z �→ z
n

√

(a + bw/z)2,

w �→ z
b + aw/z

a + bw/z
n

√

(a + bw/z)2,

(5.56)

where |a|2 − |b|2 = 1. The G
(

Ω
(n)
s,t

)

-orbits are the following pairwise CR

non-equivalent strongly pseudoconvex hypersurfaces:

ν
(n)
α :=

{

(z, w) ∈ M
(n)
ν : |z|n − |z|n−2|w|2 =

√

(α + 1)/2
}

,

s < α < t
(5.57)

(note that ν
(n)
α is an n-sheeted cover of να). We denote the group of all maps

of the form (5.56) by R(n).
The group G

(

Ω
(∞)
s,t

)

consists of all maps of the form

z �→ z + ln(a + bw),

w �→ b + aw

a + bw
,

(5.58)

where |a|2 − |b|2 = 1. The G
(

Ω
(∞)
s,t

)

-orbits are the following pairwise CR

non-equivalent strongly pseudoconvex hypersurfaces:

ν
(∞)
α :=

{

(z, w) ∈ M
(∞)
ν : exp (2Re z) (1 − |w|2) =

√

(α + 1)/2
}

,

s < α < t
(5.59)

(note that ν
(∞)
α is an infinitely-sheeted cover of να). We denote the group of

all maps of the form (5.58) by R(∞).
Next, for 1 ≤ s < t ≤ ∞, n ≥ 2 we define
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D
(2)
s,t :=

{

(z1, z2, z3) ∈ C
3 : s < |z1|2 + |z2|2 − |z3|2 < t,

Im(z2(z1 + z3)) > 0
}

∩Q−,

D
(2n)
s,t :=

{

(z, w) ∈ M
(n)
η :

√

(s + 1)/2 < |z|n − |z|n−2|w|2 <
√

(t + 1)/2
}

,

D
(∞)
s,t :=

{

(z, w) ∈ M
(∞)
η :

√

(s + 1)/2 <

exp (2Re z) (1 − |w|2) <
√

(t + 1)/2
}

.

(5.60)

The domain D
(2n)
s,t , n ≥ 1, is a 2n-sheeted cover of the domain Ds,t introduced

in (9) and the domain D
(∞)
s,t is its infinitely-sheeted cover. The domain D

(2)
s,t

covers Ds,t by means of the map Ψη, which is the following 2-to-1 map from
Aη to C

2 : (z1, z2, z3) �→ (z2/z1, z3/z1); the domain D
(2n)
s,t for n ≥ 2 covers

Ds,t by means of the composition Ψη ◦ Φ
(n)
η ; the domain D

(∞)
s,t covers Ds,t by

means of the composition Ψη ◦ Φ
(2)
η ◦ Λη.

To obtain an n-sheeted cover of Ds,t for odd n ≥ 3, we take the quotient of
the domain D

(4n)
s,t by the action of the cyclic group of four elements generated

by the following automorphism of M
(2n)
η :

z �→ iz2z n

√

1 − |w|2/|z|2 + z−2nw/z
√

|z|4n(1 − |w|2/|z|2)2 − 1
,

w �→ i
1 + z2n−1w(1 − |w|2/|z|2)
w/z + z2n(1 − |w|2/|z|2) ×

z2z n

√

1 − |w|2/|z|2 + z−2nw/z
√

|z|4n(1 − |w|2/|z|2)2 − 1
.

(5.61)

Let Π(n) denote the corresponding factorization map and M
′(n)
η := Π(n)

(

M
(2n)
η

)

. Then D
(n)
s,t := Π(n)

(

D
(4n)
s,t

)

is an n-sheeted cover of Ds,t.

The group G
(

D
(2)
s,t

)

consists of all maps of the form (5.31) with A ∈
SO2,1(R)0. We denote this group by R(1) (observe that R(1) is isomorphic

to Rη – see (5.45)). The G
(

D
(2)
s,t

)

-orbits are the following pairwise CR non-
equivalent strongly pseudoconvex hypersurfaces:

η
(2)
α :=

{

(z1, z2, z3) ∈ Aη : |z1|2 + |z2|2 − |z3|2 =
√

(α + 1)/2,
}

,

s < α < t
(5.62)

(note that η
(2)
α is a 2-sheeted cover of ηα). For n ≥ 2 the group G

(

D
(2n)
s,t

)

coincides with R(n) (see (5.56)), where we think of elements of R(n) as maps
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defined on D
(2n)
s,t rather than on Ω

(n)
s,t . The G

(

D
(2n)
s,t

)

-orbits are the following
pairwise CR non-equivalent strongly pseudoconvex hypersurfaces:

η
(2n)
α :=

{

(z, w) ∈ M
(n)
η : |z|n − |z|n−2|w|2 =

√

(α + 1)/2
}

,

s < α < t,
(5.63)

(note that η
(2n)
α is a 2n-sheeted cover of ηα).

Next, the group G
(

D
(n)
s,t

)

for odd n ≥ 3 consists of all lifts from the

domain D1,∞ to D
(n)
1,∞ = M

′(n)
η of all elements of Rη (see (5.45)). This group

is isomorphic to R(n). Note, however, that the isotropy subgroup of every
point under the action of this group on D

(n)
s,t consists of two points, whereas

the action of R(n) on D
(2n)
s,t is free (observe also that the isotropy subgroup

of every point under the action of Rη consists of two points and that the
action of R(1) on D

(2)
s,t is free). This difference will be important in the proof

of Theorem 5.2 (see step (II) of the orbit gluing procedure there).
The G

(

D
(n)
s,t

)

-orbits are the following pairwise CR non-equivalent strongly
pseudoconvex hypersurfaces:

η(n)
α := Πn

(

η(4n)
α

)

, s < α < t (5.64)

(note that η
(n)
α is an n-sheeted cover of ηα).

Finally, the group G
(

D
(∞)
s,t

)

coincides with R(∞) (see (5.58)), where we

think of the elements of R(∞) as maps defined on D
(∞)
s,t rather than on Ω

(∞)
s,t .

The G
(

D
(∞)
s,t

)

-orbits are the following pairwise CR non-equivalent hypersur-
faces:

η
(∞)
α :=

{

(z, w) ∈ M
(∞)
η : exp (2Re z) (1 − |w|2) =

√

(α + 1)/2
}

,

s < α < t
(5.65)

(here η
(∞)
α is an infinitely-sheeted cover of ηα).

(11) Here we show how a Levi-flat and complex curve orbit can be attached
to some of the domains introduced in (8) and (10).

(a) It is straightforward to show from the explicit from of Φ(n), for n ≥ 2 (see
(5.50)), that the complex structure of M

(n)
η extends to a complex structure

on
Ã(n)

η :=
{

(ζ : z : w) ∈ CP
2 : |z|n − |z|n−2|w|2 > |ζ|n

}

.

The set at infinity in Ã(n)
η is

O(2n) :=
{

(0 : z : w) ∈ CP
2 : |w| < |z|

}

, (5.66)
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and we have Ã(n)
η = A(n)

η ∪ O(2n) (see (5.51)). Let M̃
(n)
η denote Ã(n)

η with
the extended complex structure. In the complex structure of M̃

(n)
η the set

O(2n) is a complex curve whose complex structure is identical to that induced
from CP

2. The action of the group R(n) (see (5.56)) extends to an action by
holomorphic transformations on M̃

(n)
η , and O(2n) is an orbit of this action.

The map Φ(n) has ramification locus on O(2n) and maps it in a 1-to-1 fashion
onto the complex curve

O(2) :=
{

(0 : z1 : z2 : z3) ∈ CP
3 : z2

1 + z2
2 − z2

3 = 0,

Im(z2(z1 + z3)) > 0
}

.
(5.67)

Note that O(2) is an R(1)-orbit (clearly, R(1) acts on all of Q− – see (10)).
For 1 ≤ s < ∞ and all n ≥ 1 define

D(2n)
s := D(2n)

s,∞ ∪ O(2n). (5.68)

The group G
(

D
(2n)
s

)

(with the exception of the case n = 1, s = 1) coincides

with R(n) for all n; its orbits in D
(2n)
s are the strongly pseudoconvex hyper-

surfaces η
(2n)
α for α > s (see (5.63)) and the complex curve O(2n). The map

Ψη is a branched covering map on D
(2)
s , has ramification locus on O(2), maps

it in a 1-to-1 fashion onto the complex curve O ⊂ C
2 (see (5.44)), and takes

D
(2)
s onto Ds. Similarly, for n ≥ 2, the map Ψη ◦ Φ

(n)
η is a branched covering

map on D
(2n)
s , has ramification locus on O(2n) and takes D

(2n)
s onto Ds.

We note that D
(2)
1 = Aη ∪ O(2) (see (5.53)) is holomorphically equivalent

to ∆2 (see (11)(c) below), hence it will be excluded from our considerations.

(b) Fix an odd n ∈ N, n ≥ 3, and let Γ (n) be the cyclic group of four elements
generated by the obvious extension of automorphism (5.61) to M̃

(2n)
η = D

(4n)
1 .

The group Γ (n) acts freely properly discontinuously on M
(2n)
η ⊂ M̃

(2n)
η and

fixes every point in O(4n). It is straightforward to show that the orbifold
obtained by taking the quotient of M̃

(2n)
η by the action of Γ (n) can in fact

be given the structure of a complex manifold (we denote it by M̃
′(n)
η ) that

extends the structure of M
′(n)
η (see (10)). The extension of the map Π(n)

(see (10)) is holomorphic on all of M̃
(2n)
η , has ramification locus on O(4n)

and maps O(4n) onto a complex curve O(n) ⊂ M̃
′(n)
η in a 1-to-1 fashion (note

that M̃
′(n)
η = M

′(n)
η ∪ O(n)). The covering map from M

′(n)
η onto D1,∞ (see

(5.43)) extends to a branched covering map from M̃
′(n)
η onto D1 (see (5.47))

with ramification locus O(n), and takes O(n) onto O (see (5.44)) in a 1-to-1
fashion.

For 1 ≤ s < ∞ define
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D(n)
s := Π(n)

(

D(4n)
s

)

. (5.69)

The group G
(

D
(n)
s

)

is isomorphic to R(n) and consists of the extensions

from D
(n)
s,∞ = D

(n)
s \O(n) to D

(n)
s of all elements of the group G

(

D
(n)
s,∞

)

. The

G
(

D
(n)
s

)

-orbits are the strongly pseudoconvex hypersurfaces η
(n)
α with α > s

(see (5.64)) and the complex curve O(n).

(c) Define
M (1) := Ψ−1

ν (Ω1) ∪ D
(2)
1 ∪ O(1)

0 , (5.70)

where

O(1)
0 :=

{

(z1, z2, z3) ∈ C
3 \ R

3 : |iz1 + z2| = |iz3 − 1|,
|iz1 − z2| = |iz3 + 1|, Im z3 < 0

}

∩Q−
(5.71)

(see (10) for the definition of Ψν and (5.48) for the definition of Q−). Clearly,
M (1) is invariant under the action of the group R(1) (defined in (10)) on Q−.
We will now describe the orbits of the R(1)-action on M (1). The hypersurfaces
η
(2)
α for α > 1 (see (5.62)) and

ν(1)
α :=

{

(z1, z2, z3) ∈ C
3 : |z1|2 + |z2|2 − |z3|2 = α

}

∩Q−

for −1 < α < 1 are strongly pseudoconvex orbits (note that ν
(1)
α is equivalent

to να (see (5.40)) by means of the map Ψν); the hypersurface O(1)
0 is the

unique Levi-flat orbit; the surfaces

O6 :=
{

(z1, z2, z3) ∈ iR3 : Im z3 < 0
}

∩Q− (5.72)

and O(2) are codimension 2 totally real and complex curve orbits, respectively
(observe that Ψ−1

ν (Ω1) = Aν ∪ O6 (see (5.52)) with O6 = Ψ−1
ν (O5) (see

(5.42))).
The manifold M (1) can be mapped onto ∆ × CP

1 ⊂ CP
1 × CP

1 by the
inverse to a variant of the Segre map.1 Let [(Z0 : Z1) , (W0 : W1)] denote two
pairs of homogeneous coordinates in CP

1 × CP
1, where the infinity in CP

1 is
given by the vanishing of the coordinate that carries index 0. Consider the
following map S from CP

1 × CP
1 to CP

3:

z0 = i (Z0W0 − Z1W1) ,
z1 = Z0W1 + Z1W0,
z2 = i (Z0W1 − Z1W0) ,
z3 = Z0W0 + Z1W1.

1We are grateful to Stefan Nemirovski for showing us this realization of M (1).
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It is straightforward to see that this map takes ∆×CP
1 biholomorphically onto

M (1). Under the inverse map S−1 the action of R(1) on M (1) is transformed
into the following action of SU1,1/{±id} � R(1) on ∆ × CP

1: the element
g{±id} ∈ SU1,1/{±id} acts on the vector (Z0 : Z1) by applying the matrix g
to the vector and on the vector (W0 : W1) by applying the matrix g to it. The
map S−1 takes the orbit O(1)

0 into the SU1,1/{±id}-orbit ∆ × ∂∆, the orbit
O6 into

{[

(1 : Z) ,
(

1 : Z
)]

, |Z| < 1
}

,

and the orbit O(2) into

{[(1 : Z) , (1 : 1/Z)] , 0 < |Z| < 1} ∪ {[(1 : 0) , (0 : 1)]} .

The domain Ψ−1
ν (Ω1) is mapped by S−1 onto ∆ × ∆ and D

(2)
1 onto

∆ ×
(

{(1 : W ), |W | > 1} ∪ {(0 : 1)}
)

(hence each of Ω1, D
(2)
1 is equivalent to ∆2). For more general examples of this

kind arising from actions of non-compact forms of complex reductive groups
see [AG], [FH].

It is clear from the above description of M (1) that in order to obtain a
hyperbolic R(1)-invariant submanifold of M (1) containing the Levi-flat orbit
O(1)

0 , one must remove from M (1) an R(1)-invariant neighborhood of either
O6 or O(2). Namely, each of the domains

D
(1)
s := Ψ−1

ν (Ωs,1) ∪ D
(2)
1 ∪ O(1)

0 , −1 < s < 1,

D̂
(1)
t := Ψ−1

ν (Ω1) ∪ D
(2)
1,t ∪ O(1)

0 , 1 < t < ∞,

D
(1)
s,t := Ψ−1

ν (Ωs,1) ∪ D
(2)
1,t ∪ O(1)

0 , −1 ≤ s < 1 < t ≤ ∞,
where s = −1 and t = ∞ do not hold simultaneously,

(5.73)

is a (2,3)-manifold of this kind (see (5.37), (5.41), (5.60)). Observe here that

Ψ−1
ν (Ωs,1) =

{

(z1, z2, z3) ∈ C
3 : s < |z1|2 + |z2|2 − |z3|2 < 1,

Im z3 < 0
}

∩Q−.

Each of the groups G
(

D
(1)
s

)

= Aut
(

D
(1)
s

)

, G
(

D̂
(1)
t

)

= Aut
(

D̂
(1)
t

)

,

G
(

D
(1)
s,t

)

= Aut
(

D
(1)
s,t

)

coincides with R(1).

(d) We now consider covers of

D
(1)
−1,∞ := Ψ−1

ν (Ω−1,1) ∪ D
(2)
1,∞ ∪ O(1)

0 . (5.74)

For n ≥ 2 the domain Σ\O(2n) (see (5.49)) is an n-sheeted cover of D
(1)
−1,∞ with

covering map Φ(n). We equip Σ \ O(2n) with the pull-back complex structure
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under Φ(n). This complex structure extends the structure of each of M
(n)
ν ,

M
(n)
η (see (10)) and can be extended to a complex structure on all of Σ. Let

M (n) be the domain Σ with this extended complex structure. The map Φ(n)

takes M (n) onto
Ψ−1

ν (Ω−1,1) ∪ D
(2)
1 ∪ O(1)

0 ,

has ramification locus on O(2n) and maps it in a 1-to-1 fashion onto O(2).
Clearly, the group R(n) acts on M (n). We will now describe the orbits of

this action. The hypersurfaces ν
(n)
α for −1 < α < 1 (see (5.57)) and η

(2n)
α for

α > 1 (see (5.63)) are strongly pseudoconvex orbits; the hypersurface

O(n)
0 :=

{

(z, w) ∈ M (n) : |z|n − |z|n−2|w|2 = 1
}

(5.75)

is the unique Levi-flat orbit (CR-equivalent to ∆×∂∆ for every n and covering
O(1)

0 by means of the n-to-1 map Φ(n)); the complex curve O(2n) is the unique
codimension 2 orbit.

We now introduce the following domains in M (n):

D
(n)
s :=

{

(ζ : z : w) ∈ M (n) : |z|n − |z|n−2|w|2 >
√

(s + 1)/2|ζ|n
}

=

Ω
(n)
s,1 ∪ D

(2n)
1 ∪ O(n)

0 , −1 < s < 1,

D
(n)
s,t :=

{

(ζ : z : w) ∈ M (n) :
√

(s + 1)/2|ζ|n < |z|n − |z|n−2|w|2 <

√

(t + 1)/2|ζ|n
}

= Ω
(n)
s,1 ∪ D

(2n)
1,t ∪ O(n)

0 , −1 ≤ s < 1 < t ≤ ∞,

where s = −1 and t = ∞ do not hold simultaneously

(see (5.55), (5.60)). Each of these domains is a (2,3)-manifold. Each of the
groups G

(

D
(n)
s

)

= Aut
(

D
(n)
s

)

, G
(

D
(n)
s,t

)

= Aut
(

D
(n)
s,t

)

coincides with R(n).

Next, C × ∆ is an infinitely-sheeted cover of D
(1)
−1,∞ with covering map Λ

(see (5.54)). We equip the domain C×∆ with the pull-back complex structure
under Λ and denote the resulting manifold by M (∞). Clearly, the complex
structure of M (∞) extends the structure of each of M

(∞)
ν , M

(∞)
η (see (10)).

The group R(∞) (see (5.58)) acts on M (∞), and the orbits of this action are
the strongly pseudoconvex hypersurfaces ν

(∞)
α for −1 < α < 1 (see (5.59))

and η
(∞)
α for α > 1 (see (5.65)), as well as the Levi-flat hypersurface

O(∞)
0 :=

{

(z, w) ∈ M (∞) : exp(2Re z)(1 − |w|2) = 1
}

(5.76)

(note that O(∞)
0 is CR-equivalent to O1 – see (5.4)).

We now introduce the following domains in M (∞):
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D
(∞)
s :=

{

(z, w) ∈ M (∞) : exp (2Re z) (1 − |w|2) >
√

(s + 1)/2

}

=

Ω
(∞)
s,1 ∪ D

(∞)
1,∞ ∪ O(∞)

0 , −1 < s < 1,

D
(∞)
s,t :=

{

(z, w) ∈ M (∞) :
√

(s + 1)/2 < exp (2Re z) (1 − |w|2) <

√

(t + 1)/2

}

= Ω
(∞)
s,1 ∪ D

(∞)
1,t ∪ O(∞)

0 , −1 ≤ s < 1 < t ≤ ∞,

where s = −1 and t = ∞ do not hold simultaneously

(see (5.55), (5.60)). Each of these domains is a (2,3)-manifold. The groups
G

(

D
(∞)
s

)

= Aut
(

D
(∞)
s

)

, G
(

D
(∞)
s,t

)

= Aut
(

D
(∞)
s,t

)

all coincide with R(∞).

5.2 Strongly Pseudoconvex Orbits

In this section we give a complete classification of (2,3)-manifolds M for which
every G(M)-orbit is a strongly pseudoconvex real hypersurface in M . In the
formulation below we use the notation introduced in the previous section.

Theorem 5.2. ([I5])Let M be a (2,3)-manifold. Assume that the G(M)-orbit
of every point in M is a strongly pseudoconvex real hypersurface. Then M is
holomorphically equivalent to one of the following manifolds:

(i) Rα,s,t, α ∈ R, |α| ≥ 1, α �= 1, with either s = 0, t = 1, or
s = 1, 1 < t ≤ ∞;

(ii) Us,t, with either s = 0, t = 1, or s = 1, 1 < t ≤ ∞;
(iii) Ss,t, with either s = 0, t = 1, or s = 1, 1 < t < ∞;
(iv) S

(∞)
s,t , with either s = 0, t = 1, or s = 1, 1 < t < ∞;

(v) S
(n)
s,t , n ≥ 2, with either s = 0, t = 1, or s = 1, 1 < t < ∞;

(vi) Vα,s,1, α > 0, with e−2πα < s < 1;
(vii) Es,t, with 1 ≤ s < t < ∞;
(viii) E

(4)
s,t , with 1 ≤ s < t < ∞;

(ix) E
(2)
s,t , with 1 ≤ s < t < ∞;

(x) Ωs,t, with −1 ≤ s < t ≤ 1;
(xi) Ω

(∞)
s,t , with −1 ≤ s < t ≤ 1;

(xii) Ω
(n)
s,t , n ≥ 2, with −1 ≤ s < t ≤ 1;

(xiii) Ds,t, with 1 ≤ s < t ≤ ∞;
(xiv) D

(∞)
s,t , with 1 ≤ s < t ≤ ∞;

(xv) D
(n)
s,t , n ≥ 2, with 1 ≤ s < t ≤ ∞.

The manifolds on list (i)–(xv) are pairwise holomorphically non-equivalent.
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Proof: In [CaE1] E. Cartan classified all homogeneous 3-dimensional strongly
pseudoconvex CR-manifolds. Since the G(M)-orbit of every point in M is such
a manifold, every G(M)-orbit is CR-equivalent to a manifold on Cartan’s list.
We reproduce Cartan’s classification below together with the corresponding
groups of CR-automorphisms. Note that all possible covers of the hypersur-
faces χ, µα, να and ηα appear below as explicitly realized in [I4].

(a) S3;
(b) Lm = S3/Zm, m ∈ N,m ≥ 2;
(c) σ =

{

(z, w) ∈ C
2 : Re w = |z|2

}

(cf. (3.3));
(d) ε′α :=

{

(z, w) ∈ C
2 : Re z = |w|α, w �= 0

}

, α > 0 (cf. (3.3));
(e) ω′ :=

{

(z, w) ∈ C
2 : Re z = exp (Rew)

}

(cf. (3.3));
(f) δ =

{

(z, w) ∈ C
2 : |w| = exp

(

|z|2
)}

(cf. (3.3));
(g) τα, α ∈ R, |α| ≥ 1, α �= 1 (see (5.3));
(h) ξ (see (5.8));
(j) χ (see (5.11));
(j’) χ(∞) (see (5.19));
(j”) χ(n), n ≥ 2 (see (5.17));
(k) ρα, α > 0 (see (5.22));
(l) µα, α > 1 (see (5.25));
(l’) µ

(4)
α , α > 1 (see (5.34));

(l”) µ
(2)
α , α > 1 (see (5.32));

(m) να, −1 < α < 1, (see (5.40));
(m’) ν

(∞)
α , −1 < α < 1, (see (5.59));

(m”) ν
(n)
α , −1 < α < 1, n ≥ 2 (see (5.57));

(n) ηα, α > 1, (see (5.46));
(n’) η

(∞)
α , α > 1, (see (5.65));

(n”) η
(n)
α , α > 1, n ≥ 2 (see (5.62), (5.63), (5.64)).

The above hypersurfaces are pairwise CR non-equivalent. The correspond-
ing groups of CR-automorphisms are as follows:

(a) AutCR(S3) : maps of the form (5.38), where the matrix Q defined in
(5.39) belongs to SU2,1;

(b) AutCR(Lm), m ≥ 2 :

[(
z
w

)]

�→
[

U

(
z
w

)]

,

where U ∈ U2, and [(z, w)] ∈ Lm denotes the equivalence class of (z, w) ∈ S3

under the action of Zm embedded in U2 as a subgroup of scalar matrices;
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(c) AutCR(σ) :

z �→ λeiψz + a,
w �→ λ2w + 2λeiψaz + |a|2 + iγ,

(5.77)

where λ > 0, ψ, γ ∈ R, a ∈ C (cf. (3.7));

(d) AutCR(ε′α) :

z �→ λz + iβ

iµz + κ
,

w �→ eiψ

(iµz + κ)2/α
w,

(5.78)

where λ, β, µ, κ, ψ ∈ R, λκ + µβ = 1 (cf. (3.1));

(e) AutCR(ω′) :

z �→ λz + iβ

iµz + κ
,

w �→ w − 2 ln(iµz + κ) + iγ,

(5.79)

where λ, β, µ, κ, γ ∈ R, λκ + µβ = 1 (cf. (3.11));

(f) AutCR(δ) :
z �→ eiψz + a,

w �→ eiθ exp
(

2eiψaz + |a|2
)

w,
(5.80)

where ψ, θ ∈ R, a ∈ C (cf. (3.13));

(g) AutCR(τα) : the group Gα (see (5.2));

(h) AutCR(ξ) : the group G (see (5.7));

(j) AutCR(χ) is generated by Rχ (see (5.10)) and the map

z �→ z,
w �→ −w; (5.81)

(j’) AutCR

(

χ(∞)
)

is generated by maps (5.18) and the map

z �→ z,
w �→ w;
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(j”) AutCR

(

χ(n)
)

, n ≥ 2, is generated by maps (5.16) and map (5.81);

(k) AutCR(ρα) : see (5.21);

(l) AutCR(µα) : the group Rµ (see (5.24));

(l’) AutCR

(

µ
(4)
α

)

is generated by maps (5.33) and the map

z �→ i
z(|z|2 + |w|2) − w
√

1 + (|z|2 + |w|2)2
,

w �→ i
w(|z|2 + |w|2) + z
√

1 + (|z|2 + |w|2)2
;

(l”) AutCR

(

µ
(2)
α

)

is generated by R(2)
µ (see (5.31)) and the map

z1 �→ −z1,
z2 �→ −z2,
z3 �→ −z3;

(5.82)

(m) AutCR(να) is generated by Rν (see (5.38)) and map (5.81);

(m’) AutCR

(

ν
(∞)
α

)

is generated by R(∞) (see (5.58)) and the map

z �→ z + ln

(

− 1 + e2zw(1 − |w|2)
√

1 − exp (4Re z) (1 − |w|2)2

)

,

w �→ − w + e2z(1 − |w|2)
1 + e2zw(1 − |w|2) ;

(m”) AutCR

(

ν
(n)
α

)

n ≥ 2 is generated by R(n) (see (5.56)) and the map
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z �→ z
n

√
√
√
√

(

1 + zn−1w(1 − |w|2/|z|2)
)2

1 − |z|2n(1 − |w|2/|z|2)2 ,

w �→ − w/z + zn(1 − |w|2/|z|2)
1 + zn−1w(1 − |w|2/|z|2)×

z
n

√
√
√
√

(

1 + zn−1w(1 − |w|2/|z|2)
)2

1 − |z|2n(1 − |w|2/|z|2)2 ;

(n) AutCR(ηα) : the group Rη (see (5.45));

(n’) AutCR

(

η
(∞)
α

)

is generated by R(∞) (see (5.58)) and the map

z �→ 2z + z + ln

(

i
1 − |w|2 + e−2zw

√

exp (4Re z) (1 − |w|2)2 − 1

)

,

w �→ 1 + e2zw(1 − |w|2)
w + e2z(1 − |w|2) ;

(n”) AutCR

(

η
(2)
α

)

is generated by R(1) (see (10)) and map (5.82);

(n”) AutCR

(

η
(2n)
α

)

n ≥ 2 is generated by R(n) (see (5.56)) and the map

z �→ z2z
n

√
√
√
√

(

1 − |w|2/|z|2 + z−nw/z
)2

|z|2n(1 − |w|2/|z|2)2 − 1
,

w �→ 1 + zn−1w(1 − |w|2/|z|2)
w/z + zn(1 − |w|2/|z|2) ×

z2z
n

√
√
√
√

(

1 − |w|2/|z|2 + z−nw/z
)2

|z|2n(1 − |w|2/|z|2)2 − 1
;

(n”) AutCR

(

η
(n)
α

)

, n ≥ 3 is odd : this group is isomorphic to R(n) and

consists of all lifts from the domain D1,∞ (see (5.43)) to M
′(n)
η (see (10)) of

maps from Rη (see (5.45)).
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Fix p ∈ M and suppose that O(p) is CR-equivalent to m, where m is one
of the hypersurfaces listed above in (a)–(n”). As in Chaps. 3, 4, we say in this
case that m is the model for O(p). Since G(M) acts properly and effectively on
O(p), the CR-equivalence induces an isomorphism between G(M) and a closed
connected 3-dimensional subgroup Rm of the Lie group AutCR(m) that acts
properly and transitively on m. We will now prove an analogue of Propositions
3.4 and 4.5. In what follows P denotes the right half-plane {z ∈ C : Re z > 0}.

Proposition 5.3. ([I5])We have

(A) Rm = AutCR(m)0, if m is one of (g)-(n”);
(B) RS3 is conjugate in AutCR(S3) to SU2;
(C) RLm

= SU2/(SU2 ∩ Zm), m ≥ 2;
(D) Rσ is the Heisenberg group N , that is, it consists of all elements

of AutCR(σ) with λ = 1, ψ = 0 in formula (5.77) (cf. (3.7));
(E) Rε′

α
either is the subgroup of AutCR(ε′α) corresponding to a subgroup

of Aut(P), conjugate in Aut(P) to the subgroup T given by

z �→ λz + iβ, (5.83)

where λ > 0, β ∈ R, or, for α ∈ Q, is the subgroup Vα given by ψ = 0
in formula (5.78);

(F) Rω′ either is the subgroup of AutCR(ω′) corresponding to a subgroup
of Aut(P) conjugate in Aut(P) to the subgroup T specified in (E),
or is the subgroup V∞ given by γ = 0 in formula (5.79);

(G) Rδ coincides with the subgroup of AutCR(δ) given by ψ = 0 in
formula (5.80).

Proof: Statement (A) is clear since in (g)-(n”) we have dim AutCR(m) =
d(M) = 3. Furthermore, statements (B), (C), (D) and (G) are proved as
statements (i), (ii), (iii) of Proposition 4.5.

To prove (E) and (F) we observe that every codimension 1 subgroup of
Aut(P) is conjugate in Aut(P) to the subgroup T defined in (5.83). The only
codimension 1 subgroups of AutCR(ε′α) and AutCR(ω′) that do not arise from
codimension 1 subgroups of Aut(P) are Vα and V∞, respectively. Note that
Vα is not closed in AutCR(ε′α) unless α ∈ Q.

The proposition is proved.

Proposition 5.3 implies, in particular, that if for some point p ∈ M the
model for O(p) is S3, then M admits an effective action of SU2 by holomorphic
transformations, and therefore is holomorphically equivalent to one of the
manifolds listed in [IKru2] (see Sect. 6.3). However, none of the (2,3)-manifolds
on the list has a spherical orbit. Hence S3 is not the model for any orbit in
M .

We now observe – directly from the explicit forms of the CR-automorphism
groups of the models listed above – that for each m every element of AutCR(m)
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extends to a holomorphic automorphism of a certain complex manifold Mm

containing m, such that every Rm-orbit O in Mm is strongly pseudoconvex
and exactly one of the following holds: (a) O is CR-equivalent to m (cases
(b)–(k)); (b) O belongs to the same family to which m belongs and the Rm-
orbits are pairwise CR non-equivalent (cases (l)–(n”)). The manifolds Mm are
as follows:

(b) MLm
= C

2 \ {0}/Zm, m ≥ 2;

(c) Mσ = C
2;

(d) Mε′
α

=
{

(z, w) ∈ C
2 : Re z > 0, w �= 0

}

;

(e) Mω′ =
{

(z, w) ∈ C
2 : Re z > 0

}

;

(f) Mδ =
{

(z, w) ∈ C
2 : w �= 0

}

;

(g) Mτα
=

{

(z, w) ∈ C
2 : Re z > 0, Re w > 0

}

;

(h) Mξ =
{

(z, w) ∈ C
2 : Re w > 0

}

;

(j) Mχ = C
2 \

{

(z, w) ∈ C
2 : Re z = 0, Re w = 0

}

;

(j’) Mχ(∞) = M
(∞)
χ (see (4));

(j”) Mχ(n) = M
(n)
χ , n ≥ 2 (see (4));

(k) Mρα
= C

2 \
{

(z, w) ∈ C
2 : Re z = 0, Re w = 0

}

;

(l) Mµα
=

⋃

α>1

µα = CP
2 \ RP

2;

(l’) M
µ

(4)
α

=
⋃

α>1

µ(4)
α = M (4)

µ (see (7));

(l”) M
µ

(2)
α

=
⋃

α>1

µ(2)
α = Q+ \ R

3 (see (5.28));

(m) Mνα
=

⋃

−1<α<1

να = Ω−1,1 (see (5.37));
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(m’) M
ν
(∞)
α

=
⋃

−1<α<1

ν(∞)
α = M (∞)

ν = Ω
(∞)
−1,1 (see (5.55));

(m”) M
ν
(n)
α

=
⋃

−1<α<1

ν(n)
α = M (n)

ν = Ω
(n)
−1,1, n ≥ 2 (see (5.55));

(n) Mηα
=

⋃

α>1

ηα = D1,∞ (see (5.43));

(n’) M
η
(∞)
α

=
⋃

α>1

η(∞)
α = M (∞)

η = D
(∞)
1,∞ (see (5.60));

(n”) M
η
(2)
α

=
⋃

α>1

η(2)
α = Aη (see (5.53));

(n”) M
η
(2n)
α

=
⋃

α>1

η(2n)
α = M (n)

η = D
(2n)
1,∞ , n ≥ 2 (see (5.60));

(n”) M
η
(n)
α

=
⋃

α>1

η(n)
α = M

′(n)
η = D

(n)
1,∞, n ≥ 3 is odd (see (10)).

In cases (b)–(k) every two Rm-orbits are CR-equivalent (and equivalent
to m) by means of an automorphism of Mm of a simple form specified below:

(b) [(z, w)] �→ [(az, aw)], a > 0;

(c) z �→ z, w �→ w + a, a ∈ R;

(d) z �→ az, w �→ w, a > 0;

(e) as in (d);

(f) z �→ z, w �→ aw, a > 0;

(g) as in (f);

(h) z �→ az, w �→ aw, a > 0;

(j) as in (h);

(j’) z �→ z + a, w �→ eaw, a ∈ R;

(j”) z �→ aRe z + ianIm z, w �→ aRe w + ianIm w, a > 0;

(k) as in (h).

(5.84)
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We will now show how strongly pseudoconvex orbits can be joined to-
gether to form (2,3)-manifolds. Our orbit gluing procedure is similar to that
introduced in Sect. 3.4, and below we only indicate differences specific to the
present case.

At step (II), if the group G(M) is compact (in which case m is one of
Lm with m ≥ 2, µα, µ

(2)
α , µ

(4)
α with α > 1), then every neighborhood of

O(p) contains a G(M)-invariant neighborhood. In this case, we extend f bi-
holomorphically to some neighborhood of O(p) and choose a G(M)-invariant
neighborhood in it. We now assume that G(M) is non-compact. In this case, as
before, we extend the inverse map F := f−1 to a map from an Rm-invariant
neighborhood U ′ of m onto a G(M)-invariant neighborhood W ′ of O(p) in
M . We will now show that the extended map is 1-to-1 on an Rm-invariant
neighborhood of m contained in U ′.

Suppose that for some s0, s
′
0 ∈ U ′, s0 �= s′0, we have F(s0) = F(s′0). This

can only occur if s0 and s′0 lie in the same Rm-orbit, and therefore there exist
a point s ∈ U and elements h, h′ ∈ Rm such that s0 = hs, s′0 = h′s. Then
h

′−1h �∈ Js and ϕ−1(h
′−1h) ∈ IF(s), where Js denotes the isotropy subgroup

of s under the Rm-action. Since ϕ−1(Js) ⊂ IF(s), the group IF(s) contains
more points than Js.

Assume first that O(s) is non-spherical. It follows from the explicit forms
of the models and the corresponding groups (see Proposition 5.3) that if for
two locally CR-equivalent non-spherical models m1, m2 the groups Rm1 and
Rm2 are isomorphic and the isotropy subgroup of a point in m1 contains more
points than that of a point in m2, then m1 = η

(n)
α and m2 = η

(2n)
α for some α

and odd n ≥ 1 (here we set η
(1)
α := ηα). Hence O(s) = η

(2n)
α , and the model for

O(F(s)) is η
(n)
α for some α and odd n ≥ 1; consequently, m = η

(2n)
β for some β.

If there is a neighborhood of p not containing a point q such that the model
for O(q) is some η

(n)
γ , then F is biholomorphic on an Rm-invariant open subset

of U ′ containing m. Suppose now that in every neighborhood of p (that we
assume to be contained in W ) there is a point q such that O(f(q)) = η

(2n)
γ and

the model for O(q) is η
(n)
γ for some γ. Note that Iq consists of two elements and

Jf(q) is trivial. Choose a sequence of such points {qj} ⊂ W converging to p. Let
gj be the non-trivial element of Iqj

. Since the action of G(M) on M is proper
and Ip is trivial, the sequence {gj} converges to the identity in G(M). At the
same time, the sequence {f(qj)} converges to f(p) and therefore ϕ(gj)f(qj)
lies in U for large j. For large j we have F(ϕ(gj)f(qj)) = qj . Since ϕ(gj) is a
non-trivial element in Rm, the point ϕ(gj)f(qj) does not coincide with f(qj).
Thus, we have found two distinct points in U (namely, f(qj) and ϕ(gj)f(qj)
for large j) mapped by F into the same point in W , which contradicts the fact
that F is 1-to-1 on U .

Assume now that O(s) is spherical. It follows from the explicit forms of
the models and the corresponding groups (see Proposition 5.3) that if for two
spherical models m1, m2 the groups Rm1 and Rm2 are isomorphic and the
isotropy subgroup of a point in m1 contains more points than that of a point
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in m2, then m1 = ε′m/k1
, Rm1 = Vm/k1 , and m2 = ε′m/k2

, Rm2 = Vm/k2 ,
where m, k1, k2 ∈ N, (m, k1) = 1, (m, k2) = 1, k1 > k2. Hence m = ε′m/k2

,
O(s) is equivalent to ε′m/k2

by means of a map of the form (d) on list (5.84),
and the model for O(F(s)) is ε′m/k1

for some m, k1, k2 as above. If there is
a neighborhood of p not containing a point q such that the model for O(q)
is some ε′m/k, with k ∈ N, (m, k) = 1, k > k2, then F is biholomorphic on
an Rm-invariant open subset of U ′. Suppose now that in every neighborhood
of p (that we assume to be contained in W ) there is a point q such that
the model for O(q) is ε′m/k, with k ∈ N, (m, k) = 1, k > k2. Choose a
sequence of such points {qj} ⊂ W converging to p. Since the action of G(M)
on M is proper, the isotropy subgroups Iqj

converge to Ip. Every subgroup Iqj

contains more points than Jf(qjk
), and therefore for a subsequence {jk} of the

sequence of indices {j} there is a sequence of elements {gjk
} with gjk

∈ Iqjk
,

ϕ(gjk
) �∈ Jf(qjk

) and such that {gjk
} converges to an element of Ip. Arguing

now as in the non-spherical case, we obtain a contradiction with the fact that
F is 1-to-1 on U . Hence we have shown, as before, that f can be extended to a
biholomorphic map satisfying (3.16) between a G(M)-invariant neighborhood
of O(p) in M and a Rm-invariant neighborhood of m in Mm.

Next, at step (III) the map F establishes CR-equivalence between m′ and
m′

1. Therefore, m1 lies in Mm, that is, we have Mm = Mm1 . Moreover, F is
either an element of AutCR(m′) (if m′ = m′

1), or is a composition of an element
of AutCR(m′) and a non-trivial map from list (5.84) that takes m′ onto m′

1

(if m′ �= m′
1); the latter is only possible in cases (b)–(k). It now follows from

the explicit forms of CR-automorphisms of the models and the maps on list
(5.84) that F extends to a holomorphic automorphism of Mm.

Further, if at step (IV) we have Vj ⊂ D for j = 1, 2, then the map F̂
establishes CR-equivalence between m̂1 and m̂2, where m̂1 �= m̂2, which is
only possible in cases (b)–(k). Cases (b), (c) and (f) can be dealt with exactly
as cases (a), (b), (c) considered in Sect. 3.4. The same applies to cases (d),
(e), provided the group Rm is either Vα or V∞, respectively. Furthermore,
if in cases (d) and (e) the group Rm is given in terms of the group T (see
(5.83)), then, using the fact that F̂ is Rm-equivariant, we again obtain that F̂
is either a dilation or translation in zn, respectively. Next, in cases (g)–(k) the
Rm-equivariance of F̂ implies that F̂ = id, which is impossible. Thus, in all
cases we obtain a contradiction, and hence M is holomorphically equivalent
to an Rm-invariant domain in Mm.

All hyperbolic Rm-invariant domains in each of cases (b)-(n”) are described
as follows:

(b) Sm,s,t :=
{

(z, w) ∈ C
2 : s < |z|2 + |w|2 < t

}

/Zm,
0 ≤ s < t < ∞ (cf. (3.19)); (5.85)

(c)
{

(z, w) ∈ C
2 : s + |z|2 < Re w < t + |z|2

}

, −∞ < s < t ≤ ∞ (cf. (3.20));
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(d) Rα,s,t :=
{

(z, w) ∈ C
2 : s|w|α < Re z < t|w|α, w �= 0

}

,
0 ≤ s < t ≤ ∞, where s = 0 and t = ∞ do not hold
simultaneously (cf. (3.23));

(5.86)

(e) Rs,t :=
{

(z, w) ∈ C
2 : s exp (Re w) < Re z < t exp (Re w)

}

,
0 ≤ s < t ≤ ∞, where s = 0 and t = ∞ do not hold
simultaneously (cf. (3.22));

(f)
{

(z, w) ∈ C
2 : s exp

(

|z|2
)

< |w| < t exp
(

|z|2
)}

, 0 < s < t ≤ ∞ (cf. (3.21));

(g) Rα,s,t, 0 ≤ s < t ≤ ∞, where s = 0 and t = ∞ do not hold simultaneously
(see (5.1));

(h) Us,t, 0 ≤ s < t ≤ ∞, where s = 0 and t = ∞ do not hold simultaneously
(see (5.6));

(j) Ss,t, 0 ≤ s < t < ∞ (see (5.9));

(j’) S
(∞)
s,t , 0 ≤ s < t < ∞ (see (5.15));

(j”) S
(n)
s,t , 0 ≤ s < t < ∞, n ≥ 2 (see (5.15));

(k) Vα,s,t, 0 < t < ∞, e−2παt < s < t (see (5.20));

(l) Es,t, 1 ≤ s < t < ∞ (see (5.23));

(l’) E
(4)
s,t , 1 ≤ s < t < ∞ (see (5.30));

(l”) E
(2)
s,t , 1 ≤ s < t < ∞ (see (5.30));

(m) Ωs,t, −1 ≤ s < t ≤ 1 (see (5.37));

(m’) Ω
(∞)
s,t , −1 ≤ s < t ≤ 1 (see (5.55));

(m”) Ω
(n)
s,t , −1 ≤ s < t ≤ 1, n ≥ 2 (see (5.55));

(n) Ds,t, 1 ≤ s < t ≤ ∞ (see (5.43));

(n’) D
(∞)
s,t , 1 ≤ s < t ≤ ∞ (see (5.60));
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(n”) D
(2)
s,t , 1 ≤ s < t ≤ ∞ (see (5.60));

(n”) D
(2n)
s,t , 1 ≤ s < t ≤ ∞, n ≥ 2 (see (5.60));

(n”) D
(n)
s,t , 1 ≤ s < t ≤ ∞, n ≥ 3, n is odd (see (10)).

This concludes our orbit gluing procedure. Note that in each of cases (d) and
(e) we have two non-isomorphic possibilities for Rm. Each of the possibilities
leads to the same set of Rm-invariant domains.

We now observe that the automorphism groups of all Rm-invariant do-
mains that appear in cases (b)–(f) have dimension at least 4. Finally, excluding
equivalent domains leads to list (i)–(xv) as stated in the theorem.

The proof of Theorem 5.2 is complete.

5.3 Levi-Flat Orbits

In this section we give a classification of (2,3)-manifolds M for which every
G(M)-orbit has codimension 1 and at least one orbit is Levi-flat. We start
by classifying all possible Levi-flat orbits up to CR-diffeomorphisms together
with group actions.

Observe, first of all, that the Levi-flat hypersurface O1 (see (5.4)) is an
orbit of the action of each of the groups Gα (see (5.2)) for α ∈ R (including
α = 0) and G (see (5.7)) on C

2. Recall next that the Levi-flat hypersurface
O(n)

0 (see (5.71), (5.75)) is an orbit of the action of R(n) (see (10), (5.56))
on Q− for n = 1 (see (5.48)) and on M (n) for n ∈ N, n ≥ 2 (see (11)(d)).
Furthermore, the Levi-flat hypersurface O(∞)

0 (see (5.76)) is an orbit of the
action of R(∞) (see (5.58)) on M (∞) (see (11)(d)). Note also that the Levi-flat
hypersurface

O′
1 :=

{

(z, w) ∈ C
2 : Re z > 0, |w| = 1

}

(5.87)

is an orbit of the action on C
2 of the group G′

0 of all maps

z �→ λz + iβ,
w �→ eiψw,

(5.88)

where λ > 0, β, ψ ∈ R. The hypersurface O(∞)
0 is CR-equivalent to O1, and

the hypersurface O(n)
0 is CR-equivalent to O′

1 for every n ∈ N.
We will now prove the following proposition. Note that it applies to (2,3)-

manifolds possibly containing codimension 2 orbits.

Proposition 5.4. ([I5]) Let M be a (2,3)-manifold. Assume that for a point
p ∈ M its orbit O(p) is Levi-flat. Then one of the following holds:
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(i) O(p) is equivalent to O1 by means of a real-analytic CR-map that trans-
forms G(M)|O(p) into either the group Gα|O1 for some α ∈ R or the group
G|O1 ;
(ii) O(p) is equivalent to O′

1 by means of a real-analytic CR-map that trans-
forms G(M)|O(p) into the group G′

0|O′
1
;

(iii) O(p) is equivalent to O(j)
0 for some j ∈ {1, 2, . . . ,∞} by means of a

real-analytic CR-map that transforms G(M)|O(p) into the group R(j)|O(j)
0

.

Proof: Recall that the hypersurface O(p) is foliated by complex submanifolds
equivalent to ∆ (see (ii) of Proposition 4.2). For convenience, we realize ∆ as
the right half-plane P = {z ∈ C : Re z > 0}. We begin as in Case 2 of the
proof of Proposition 4.2 (see also the proof of Proposition 3.5). Denote, as
before, by g(M) the Lie algebra of G(M)-vector fields on M and identify it
with the Lie algebra of G(M). Further, we identify every vector field from
g(M) with its restriction to O(p). For q ∈ O(p) we consider the leaf O(p)q

of the foliation passing through q and the subspace lq ⊂ g(M) of all vector
fields tangent to O(p)q at q. Since vector fields in lq remain tangent to O(p)q

at each point in O(p)q, the subspace lq is in fact a Lie subalgebra of g(M). It
follows from the definition of lq that dim lq = 2.

Denote by Hq the (possibly non-closed) connected subgroup of G(M) with
Lie algebra lq. It is straightforward to verify that the group Hq acts on O(p)q

by holomorphic transformations. If some element g ∈ Hq acts trivially on
O(p)q, then g ∈ Iq. If for every non-identical element of Lq its projection
to the U1-component (see (ii) of Proposition 4.2) is non-identical, then every
non-identical element of Iq acts non-trivially on O(p)q and thus g = id; if
Lq contains a non-identical element with an identical projection to the U1-
component and g �= id, then g = gq, where, as in the proof of Proposition
4.2, gq denotes the element of Iq corresponding to the non-trivial element in
Z2 (see (ii) of Proposition 4.2). Thus, dimHq = 2, and either Hq or Hq/Z2

acts effectively on O(p)q (the former case occurs if gq �∈ Hq, the latter if
gq ∈ Hq). As we noted in the proof of Proposition 5.3, every 2-dimensional (a
priori not necessarily closed) subgroup of Aut(P) is conjugate in Aut(P) to
the subgroup T (see (5.83)). The Lie algebra of this subgroup is isomorphic to
the 2-dimensional Lie algebra h given by two generators X and Y satisfying
[X,Y ] = X. Therefore, lq is isomorphic to h for every q ∈ O(p).

It is straightforward to determine all 3-dimensional Lie algebras containing
a subalgebra isomorphic to h. Every such algebra has generators X,Y,Z that
satisfy one of the following sets of relations:

(R1) [X,Y ] = X, [Z,X] = 0, [Z, Y ] = αZ, α ∈ R,
(R2) [X,Y ] = X, [Z,X] = 0, [Z, Y ] = X + Z,
(R3) [X,Y ] = X, [Z,X] = Y, [Z, Y ] = −Z.

(5.89)

Suppose first that g(M) is given by relations (R1). In this case g(M) is
isomorphic to the Lie algebra of the simply-connected Lie group Gα (see (5.2)).
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Indeed, the Lie algebra of Gα is isomorphic to the Lie algebra of vector fields
on C

2 with the generators

X1 := i ∂/∂z,
Y1 := z ∂/∂z + αw ∂/∂w,
Z1 := i ∂/∂w,

that clearly satisfy (R1).
Assume first that α �= 0. In this case the center of Gα is trivial, and hence

Gα is the only (up to isomorphism) connected Lie group whose Lie algebra is
given by relations (R1). Therefore, G(M) is isomorphic to Gα. Assume further
that α �= 1. In this case, it is straightforward to observe that every subalgebra
of g(M) isomorphic to h is generated either by X1 and Y1 +νZ1, or by Z1 and
νX1 + Y1 for some ν ∈ R. The connected subgroup of Gα with Lie algebra
generated by X1 and Y1 + νZ1 is conjugate in Gα to the closed subgroup H1

α

given by γ = 0 in (5.2); similarly, the connected subgroup of Gα with Lie
algebra generated by Z1 and νX1 + Y1 is conjugate to the closed subgroup
H2

α given by β = 0 in (5.2). Moreover, the conjugating element can be chosen
to belong to the subgroup W1 of maps of the form

z �→ z
w �→ w + iγ, γ ∈ R,

(5.90)

in the first case, and to the subgroup W2 of maps of the form

z �→ z + iβ, β ∈ R,
w �→ w,

in the second case. These subgroups are one-parameter subgroups of Gα aris-
ing from Z1 and X1, respectively.

Thus, upon identifying G(M) with Gα, the subgroup Hq for every q ∈
O(p) is conjugate to either H1

α or H2
α by an an element of either W1 or W2,

respectively. In particular, Hq is isomorphic to T and hence does not have
subgroups isomorphic to Z2. Therefore, Hq acts effectively on O(p)q. Since
the subgroups Hq are conjugate to each other, it follows that either Hq is
conjugate to H1

α for every q, or Hq is conjugate to H2
α for every q. Suppose

first that the former holds. Then for every q ∈ O(p) every element of G(M) can
be written as gh, where g ∈ W1, h ∈ Hq. Hence for every q1, q2 ∈ O(p) there
exists g ∈ W1 such that gO(p)q1 = O(p)q2 . Furthermore, since the normalizer
of H1

α in Gα coincides with H1
α, such an element g is unique. Let q0 ∈ O(p)

be a point for which Hq0 = H1
α, and let f : O(p)q0 → P be a holomorphic

equivalence that transforms Hq0 |O(p)q0
into the group T . Let X̂1 and Ŷ1 be the

vector fields on O(p) corresponding to X1, Y1. Under the map f the vector
fields X̂1|O(p)q0

and Ŷ1|O(p)q0
(which are tangent to O(p)q0) transform into

some vector fields X∗
1 and Y ∗

1 on P such that [X∗
1 , Y ∗

1 ] = X∗
1 . Clearly, X∗

1 and
Y ∗

1 generate the algebra of T -vector fields on P. It is straightforward to verify
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that one can find an element of T that transforms Y ∗
1 into z ∂/∂z = Y1|P

and X∗
1 into one of ±i ∂/∂z = ±X1|P , and therefore we can assume that

f is chosen so that it transforms X̂1|O(p)q0
and Ŷ1|O(p)q0

into ±X1|P , Y1|P ,
respectively.

For every q ∈ O(p) we now find the unique element g ∈ W1 such that
gO(p)q0 = O(p)q and define F (q) :=

(

f(g−1(q)), iγ
)

∈ C
2, with γ correspond-

ing to g as in formula (5.90). Clearly, F is a real-analytic CR-isomorphism be-
tween O(p) and O1 that transforms Ẑ1 into i ∂/∂w|O1 = Z1|O1 , where Ẑ1 is the
vector field on O(p) corresponding to Z1 (recall that W1 = {exp(sZ1), s ∈ R}).

Denote by X̃, Ỹ the vector fields on O1 into which F transforms X̂1,
Ŷ1, respectively. Since F is real-analytic, it extends to a biholomorphic map
from a neighborhood of O(p) in M onto a neighborhood of O1 in C

2. Clearly,
X̂1, Ŷ1, extend to holomorphic vector fields on all of M and hence X̃, Ỹ ,
extend to holomorphic vector fields defined in a neighborhood of O1. Since the
restrictions of X̃ and Ỹ to P×{0} ⊂ O1 are ± i∂/∂z and z ∂/∂z, respectively,
these vector fields have the forms

X̃ = (±i + ρ(z, w))∂/∂z + σ(z, w)∂/∂w, (5.91)

and
Ỹ = (z + µ(z, w))∂/∂z + τ(z, w)∂/∂w, (5.92)

where ρ, σ, µ, τ are functions holomorphic near O1 and such that

ρ(z, 0) ≡ σ(z, 0) ≡ µ(z, 0) ≡ τ(z, 0) ≡ 0. (5.93)

Since [Ẑ1, X̂1] = 0 and [Ẑ1, Ŷ1] = αẐ1 on O(p), on a neighborhood of O1 we
obtain

[Z1, X̃] = 0, [Z1, Ỹ ] = αZ1. (5.94)

Conditions (5.93), (5.94) imply: ρ ≡ 0, σ ≡ 0, µ ≡ 0, τ = αw. Thus, X̃ = ±X1,
Ỹ = Y1, and hence F transforms G(M)|O(p) into Gα|O1 .

The case when Hq is conjugate to H2
α for every q ∈ O(p) is treated simi-

larly; arguing as above we construct a real-analytic CR-isomorphism between
O(p) and Ô1 (see (5.5)) that transforms G(M)|O(p) into Gα|Ô1

. Further, in-
terchanging the variables turns Ô1 into O1 and Gα into G1/α.

Suppose now that α = 1. In this case, in addition to the subalgebras aris-
ing for α �= 1, a subalgebra of g(M) isomorphic to h can also be generated
by X1 + ηZ1 and Y1 + νZ1 for some η, ν ∈ R, η �= 0. The connected sub-
group of G1 corresponding to this subalgebra is conjugate in G1 to the closed
subgroup H1,η of all maps of the form (5.2) with α = 1, γ = βη. Moreover,
the conjugating element can be chosen to belong to the subgroup W1 (see
(5.90)). Thus, upon identifying G(M) with G1, the subgroup Hq for every
q ∈ O(p) is conjugate to either H1

1 or H2
1 , or H1,η for some η �= 0 (all these

subgroups are closed). In particular, Hq is isomorphic to T and hence acts
effectively on O(p)q. Since the subgroups Hq are conjugate to each other, it



94 5 The Case of (2,3)-Manifolds

follows that either Hq is conjugate to H1
1 for every q, or Hq is conjugate to H2

1

for every q, or Hq is conjugate to H1,η for every q and a fixed η. The first two
cases are treated as for α �= 1. Suppose that Hq is conjugate to H1,η for every
q ∈ O(p). It can be shown, as before, that for every q1, q2 ∈ O(p) there exists a
unique g ∈ W1 such that gO(p)q1 = O(p)q2 . Fix q0 ∈ O(p) with the property
Hq0 = H1,η, and let f : O(p)q0 → P, with be a holomorphic equivalence that
transforms Hq0 |O(p)q0

into the group T and such that X̂1 + ηẐ1|O(p)q0
and

Ŷ1|O(p)q0
(which are tangent to O(p)q0) are transformed into the vector fields

±X1|P and Y1|P , respectively. For every q ∈ O(p) we now find the unique
map g ∈ W1 such that gO(p)q0 = O(p)q and define F (q) :=

(

f(g−1(q)), iγ
)

,
with γ corresponding to g as in formula (5.90). Analogously to the case α �= 1
we obtain: X̃ = ±X1 − ηZ1, Ỹ = Y1. Hence F transforms G(M)|O(p) into
G1|O1 .

Suppose now that α = 0. In this case there are exactly two (up to isomor-
phism) connected Lie groups with Lie algebra g(M): G0 and G′

0 (see (5.88)).
It is straightforward to see that every subalgebra of g(M) isomorphic to h

is generated by X1 and Y1 + νZ1 for some ν ∈ R. Clearly, the connected
subgroup of G0 with Lie algebra generated by X1 and Y1 + νZ1 coincides
with the closed normal subgroup H0,ν given by λ = et, γ = νt, t ∈ R (see
(5.2)). It then follows that if G(M) is isomorphic to G0, there exists ν ∈ R,
such that, identifying G(M) and G0, we have Hq = H0,ν for every q ∈ O(p).
Further, let us realize the Lie algebra of G′

0 as the Lie algebra generated by
the following vector fields on C

2: X1, Y1, Z ′
1 := iw ∂/∂w, which clearly satisfy

(R1) of (5.89). The connected subgroup of G′
0 with Lie algebra generated by

X1 and Y1 + νZ ′
1 coincides with the closed normal subgroup H ′

0,ν of G′
0 given

by λ = et, ψ = νt, t ∈ R (see (5.88)). It then follows that if G(M) is isomor-
phic to G′

0, there exists ν ∈ R, such that, identifying G(M) and G′
0, we have

Hq = H ′
0,ν for every q ∈ O(p).

Thus, if α = 0, every subgroup Hq is normal, closed, isomorphic to T
(hence acts effectively on O(p)q). In particular, all these subgroups coincide
for q ∈ O(p). Denote by H the coinciding subgroups Hq. The group H acts
properly on O(p), and the orbits of this action are the leaves O(p)q of the
foliation of O(p). Further, we have G(M) = H × L, where L is either the
subgroup W1 (see (5.90)), or the subgroup W ′1 given by λ = 1, β = 0 in
formula (5.88), and hence is isomorphic to either R or S1. For every q ∈
O(p) let Sq := {g ∈ L : gO(p)q = O(p)q}. Since O(p)q is closed, Sq is a closed
subgroup of L. Clearly, for every g ∈ Sq there is h ∈ H such that hg ∈ Iq. The
elements g and h lie in the projections of Iq to L and H, respectively. Since
H is isomorphic to T , it does not have non-trivial finite subgroups, hence
the projection of Iq to H is trivial, and therefore Sq = Iq. Since all isotropy
subgroups are contained in the Abelian subgroup L and are conjugate to each
other in G(M), they are in fact identical. The effectiveness of the action of
G(M) on M now implies that all isotropy subgroups are trivial and hence
every Sq is trivial as well.



5.3 Levi-Flat Orbits 95

Thus, we have shown that for every q1, q2 ∈ O(p) there is a unique g ∈ L,
such that gO(p)q1 = O(p)q2 . Suppose first that L = W1. Fix q0 ∈ O(p), and
let f : O(p)q0 → P be a holomorphic equivalence that transforms H|O(p)q0

into the group T and X̂1|O(p)q0
, Ŷ1+νẐ1|O(p)q0

into ±X1|P , Y1|P , respectively.
For every q ∈ O(p) find the unique map g ∈ W1 such that gO(p)q0 = O(p)q

and define F (q) :=
(

f(g−1(q)), iγ
)

, with γ corresponding to g as in formula
(5.90). It can now be shown as in the case α �= 0 that F transforms G(M)|O(p)

into G0|O1 .
Suppose now that L = W ′1. Fix q0 ∈ O(p), and let f : O(p)q0 → P

be a holomorphic equivalence that transforms H|O(p)q0
into the group T and

X̂1|O(p)q0
, Ŷ1+νẐ ′

1|O(p)q0
into ±X1|P , Y1|P , respectively, where Ẑ ′

1 denotes the
vector field on O(p) corresponding to Z ′

1. For every q ∈ O(p) find the unique
map g ∈ W ′1 such that gO(p)q0 = O(p)q and define F (q) :=

(

f(g−1(q)), eiψ
)

,

with eiψ corresponding to g as in formula (5.88). Clearly, F is a real-analytic
CR-isomorphism between O(p) and O′

1 (see (5.87)) that transforms Ẑ ′
1 into

iw ∂/∂w|O′
1

= Z ′
1|O′

1
.

As before, denote by X̃, Ỹ the vector fields on O1 into which F transforms
X̂1, Ŷ1, respectively. These vector fields extend to holomorphic vector fields
defined in a neighborhood of O′

1. Since the restrictions of X̃ and Ỹ + νZ ′
1 to

P × {1} ⊂ O′
1 are ±X1|P and Y1|P , these vector fields have the forms that

appear in the right-hand sides of formulas (5.91), (5.92), respectively, where
ρ, σ, µ, τ are functions holomorphic near O′

1 and such that

ρ(z, 1) ≡ σ(z, 1) ≡ µ(z, 1) ≡ τ(z, 1) ≡ 0. (5.95)

Since [Ẑ ′
1, X̂1] = [Ẑ ′

1, Ŷ1 + νẐ ′
1] = 0 on O(p), on a neighborhood of O′

1 we
obtain

[Z ′
1, X̃] = [Z ′

1, Ỹ + νZ ′
1] = 0. (5.96)

Conditions (5.95), (5.96) imply: ρ ≡ σ ≡ µ ≡ τ ≡ 0. Thus, X̃ = ±X1,
Ỹ = Y1 − νZ ′

1, and hence F transforms G(M)|O(p) into G′
0|O′

1
.

Suppose next that g(M) is given by relations (R2) (see (5.89)). In this
case g(M) is isomorphic to the Lie algebra of the simply-connected Lie group
G (see (5.7)). Indeed, the Lie algebra of G is isomorphic to the Lie algebra
of holomorphic vector fields on C

2 with the following generators: X1, Y2 :=
(z + w) ∂/∂z + w ∂/∂w, Z1, which clearly satisfy (R2). It is straightforward
to observe that the center of G is trivial, and hence G is the only (up to
isomorphism) connected Lie group whose Lie algebra is given by relations
(R2). Therefore, G(M) is isomorphic to G. In this case every subalgebra of
g(M) isomorphic to h is generated by X1 and Y2 + νZ1 for some ν ∈ R. The
connected subgroup of G with Lie algebra generated by X1 and Y2 + νZ1 is
conjugate in G to the closed subgroup Q given by γ = 0 (see (5.7)). Moreover,
the conjugating element can be chosen to belong to W1 (see (5.90)).

Thus – upon identification of G(M) and G – the subgroup Hq for every
q ∈ O(p) is conjugate to Q by an element of W1. Further, since the normalizer
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of Q in G coincides with Q, we proceed as in the case of the group Gα for α �= 0
and obtain that there exists a real-analytic CR-isomorphism F between O(p)
and O1 that transforms Ẑ1 into Z1|O1 and the corresponding vector fields
X̂1, Ŷ2 on a neighborhood of O(p) in M into holomorphic vector fields X̃,
Ỹ of the forms appearing in the right-hand sides of formulas (5.91), (5.92),
respectively, where ρ, σ, µ, τ are functions holomorphic near O1 and satisfying
(5.93). Since [Ẑ1, X̂1] = 0 and [Ẑ1, Ŷ2] = X̂1 + Ẑ1 on O(p), on a neighborhood
of O1 we obtain

[Z1, X̃] = 0, [Z1, Ỹ ] = X̃ + Z1. (5.97)

Conditions (5.93), (5.97) imply: ρ ≡ 0, σ ≡ 0, µ ≡ ±w, τ = w, respectively.
Thus, we have either X̃ = X1, Ỹ = Y2, or X̃ = −X1, Ỹ = (z − w) ∂/∂z +
w ∂/∂w. Hence either F or S ◦ F transforms G(M)|O(p) into G|O1 , where S
is the map given by formula (5.81).

Suppose finally that g(M) is given by relations (R3) (see (5.89)). In this
case g(M) is isomorphic to the algebra so2,1(R). All connected Lie groups
with such Lie algebra are described as follows: any simply-connected group
is isomorphic to the group V∞, and any non simply-connected group is iso-
morphic to Vn with n ∈ N, where V∞ and Vn are the Lie groups defined in
Proposition 5.3. Clearly, the set C′ :=

{

(z, w) ∈ C
2 : Re z > 0

}

is Vj-invariant
for j ∈ {1, 2, . . . ,∞}.

Consider in Vj three one-parameter subgroups of transformations of C′

for j = ∞:

z �→ z − i

2
β, w �→ w,

z �→ λz, w �→ w + ln0 λ,

z �→ z

iµz + 1
, w �→ w − 2 ln0(iµz + 1),

for j = n ∈ N:

z �→ z − i

2
β, w �→ w,

z �→ λz, w �→ λ1/nw,

z �→ z

iµz + 1
, w �→ 1

(iµz + 1)2/n
w.

where λ > 0, β, µ ∈ R, t2/n = exp(2/n ln0 t) for t ∈ C \ (−∞, 0], and ln0 is
the branch of the logarithm in C \ (−∞, 0] defined by the condition ln0 1 = 0.
The vector fields corresponding to these subgroups generate the Lie algebras
of Vj for j ∈ {1, 2, . . . ,∞} and are as follows:

for j = ∞:

X3 := − i

2
∂/∂z,

Y3 := z ∂/∂z + ∂/∂w,

Z3 := −iz2 ∂/∂z − 2iz ∂/∂w,
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for j = n ∈ N:

X3 := − i

2
∂/∂z,

Y3 := z ∂/∂z +
w

n
∂/∂w,

Z3 := −iz2 ∂/∂z − 2izw

n
∂/∂w.

One can verify that these vector fields indeed satisfy relations (R3).
Next, it is straightforward to show that any subalgebra of g(M) isomorphic

to h is generated by either X3 +ηY3−η2/2Z3, Y3−ηZ3, with η ∈ R, or by Y3,
Z3. For every j ∈ {1, 2, . . . ,∞} the connected subgroups of Vj corresponding
to the subalgebras generated by X3 + ηY3 − η2/2Z3, Y3 − ηZ3, with η ∈ R,
or by Y3, Z3 are isomorphic to T (hence Hq acts effectively on O(p)q for
every q) and are all closed and conjugate to each other in Vj by elements of
the one-parameter subgroup of Vj arising from X3 − 1/2Z3. We denote this
subgroup by Wj and describe it in more detail. Let first j = ∞. Transform C′

into C = {(z, w) : |z| < 1} (cf. Sect. 3.4) by means of the map

z �→ z − 1
z + 1

,

w �→ w − 2 ln0 ((z + 1)/2) .

Then W∞ is the subgroup of V∞ that transforms into the group of maps

z �→ eitz,
w �→ w + it,

(5.98)

where t ∈ R. Let now j = n. Transform C′ into C by means of the map

z �→ z − 1
z + 1

,

w �→
(

2
z + 1

)2/n

w.

Then Wn is the subgroup of Vn that transforms into the group of maps

z �→ eitz,
w �→ eit/nw,

(5.99)

where 0 ≤ t < 2πn.
Observe that – upon identifying G(M) with Vj for a particular value of j –

for every q ∈ O(p) every element of G(M) can be written in the form gh with
g ∈ Wj , h ∈ Hq, and Wj ∩Hq = {id}. Since no element in a sufficiently small
neighborhood of the identity in Wj lies in the normalizer of Hq in G(M), for
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every q ∈ O(p) there exists a tubular neighborhood U of O(p)q in O(p) with
the following property: for every curve γ ⊂ U transversal to the leaves O(p)q′

for q′ ∈ U and every q1, q2 ∈ γ, q1 �= q2, we have Hq1 �= Hq2 . Further, for every
two points q1, q2 ∈ O(p) there exists g ∈ Wj such that gO(p)q1 = O(p)q2 . If
for some q ∈ O(p) there is a non-trivial g ∈ Wj such that gO(p)q = O(p)q,
then gHqg

−1 = Hq and hence g has the form

for j = ∞:
z �→ z,
w �→ w + 2πik0, k0 ∈ Z \ {0},

for j = n ∈ N:
z �→ z,
w �→ e2πik0/nw, k0 ∈ N, k0 ≤ n − 1.

It then follows that g lies in the centralizer of Hq′ for every q′ ∈ O(p). Let
h ∈ Hq be such that hg ∈ Iq. Every element of Iq has finite order (see (ii)
of Proposition 4.2), which implies that each of h and g is of finite order.
At the same time, if G(M) = V∞, then g is clearly of infinite order; hence
gO(p)q �= O(p)q for every q ∈ O(p) and every non-trivial g ∈ W∞. Assume
now that G(M) = Vn for some n ∈ N. Since every non-trivial element of T has
infinite order, we obtain h = id and thus g ∈ Iq. This argument can be applied
to any point in O(p)q, and thus we obtain that g fixes every point in O(p)q.
Hence g = gq, where, as before, gq denotes the element of Iq corresponding
to the non-trivial element in Z2 (see (ii) of Proposition 4.2). Then if a point
q1 �∈ O(p)q is sufficiently close to q, the point q2 := gq1 is also close to q,
and we can assume that q1, q2 ∈ U . It follows from the explicit form of the
action of the linear isotropy subgroup Lp on Tp(M) that q1 �= q2 and that
q1, q2 lie on a curve transversal to every leaf in U ; hence Hq1 �= Hq2 . At the
same time, we have Hq2 = gqHq1g

−1
q = Hq1 . This contradiction shows that

gO(p)q �= O(p)q for every q ∈ O(p) and every non-trivial g ∈ Wn.
Suppose that G(M) = V∞. Fix q0 ∈ O(p) for which Hq0 = H0, where

H0 is the subgroup of G(M) with Lie algebra generated by X3, Y3, and let
f : O(p)q0 → P be a holomorphic equivalence that transforms Hq0 |O(p)q0

into
the group T and such that X̂3|O(p)q0

and Ŷ3|O(p)q0
are transformed into the

vector fields ±X1|P and Y1|P , respectively, where X̂3, Ŷ3 are the vector fields
on O(p) corresponding to X3, Y3. For every q ∈ O(p) we now find the unique
map g ∈ W∞ such that gO(p)q0 = O(p)q and define F (q) :=

(

f(g−1(q)), it
)

∈
C

2, where t is the parameter value corresponding to g (see (5.98)). Clearly,
F is a real-analytic CR-isomorphism between O(p) and O1 that transforms
X̂3 − 1/2 Ẑ3 into Z1|O1 , where Ẑ3 is the vector field on O(p) corresponding to
Z3 (recall that W∞ = {exp (s (X3 − 1/2Z3)) , s ∈ R}), and transforms X̂3, Ŷ3
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on a neighborhood of O(p) into holomorphic vector fields X̃, Ỹ of the forms
appearing in the right-hand sides of formulas (5.91), (5.92), respectively, where
ρ, σ, µ, τ are holomorphic in a neighborhood of O1 and satisfy (5.93). Since
[X̂3 − 1/2 Ẑ3, X̂3] = −1/2 Ŷ3 and [X̂3 − 1/2 Ẑ3, Ŷ3] = X̂3 + 1/2 Ẑ3 on O(p), on
a neighborhood of O1 we obtain

[Z1, X̃] = −1
2
Ỹ , [Z1, Ỹ ] = 2X̃ − Z1. (5.100)

Conditions (5.93), (5.100) uniquely determine the functions ρ, σ, µ, τ as fol-
lows:

ρ = ± i

4

(

(z + 2)e±w − (z − 2)e∓w
)

∓ i, σ = − i

4

(

ew + e−w − 2
)

,

µ =
1
2

(

(z + 2)e±w + (z − 2)e∓w
)

− z, τ = −1
2

(

ew − e−w
)

.

Thus, we have shown that if M is a (2,3)-manifold such that G(M) is the
universal cover of SO2,1(R)0 and O(p) is a Levi-flat G(M)-orbit in M , then
there exists a CR-isomorphism from O(p) onto O1 that transforms near O(p)
vector fields from the Lie algebra g(M) into vector fields near O1 from the
Lie algebra a(∞) generated by Z1 and

i
(

(z + 2)ew − (z − 2)e−w
)

∂/∂z − i
(

ew + e−w
)

∂/∂w,

(

(z + 2)ew + (z − 2)e−w
)

∂/∂z −
(

ew − e−w
)

∂/∂w.

The CR-isomorphism is either the map F constructed above or the map S◦F ,
where S is given by (5.81).

Let M be any of the (2,3)-manifolds D
(∞)
s , D

(∞)
s,t introduced in (11)(d).

The group G(M) coincides with R(∞) (see (5.58)) and hence is isomorphic
to the universal cover of SO2,1(R)0. Furthermore, O(∞)

0 (see (5.76)) is a Levi-
flat G(M)-orbit in M. Hence, as we have shown above, there exists a CR-
isomorphism from O(∞)

0 onto O1 that transforms g(M) near O(∞)
0 into a(∞)

near O1. Therefore, there exists a CR-isomorphism from O(p) onto O(∞)
0 that

transforms G(M)|O(p) into R(∞)|O(∞)
0

.
Suppose that G(M) = Vn for n ∈ N. Fix q0 ∈ O(p) for which Hq0 = H0,

where, as before, H0 is the subgroup of G(M) with Lie algebra generated by
X3, Y3, and let f : O(p)q0 → P be a holomorphic equivalence that trans-
forms Hq0 |O(p)q0

into the group T and such that X̂3|O(p)q0
and Ŷ3|O(p)q0

are
transformed into the vector fields ±X1|P and Y1|P , respectively. For every
q ∈ O(p) we now find the unique map g ∈ Wn such that gO(p)q0 = O(p)q

and define F (q) :=
(

f(g−1(q)), eit/n
)

∈ C
2, where t is the parameter value

corresponding to g (see (5.99)). Clearly, F is a real-analytic CR-isomorphism
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between O(p) and O′
1 that transforms X̂3 − 1/2 Ẑ3 into 1/nZ ′

1|O′
1

and trans-
forms X̂3, Ŷ3 on a neighborhood of O(p) into holomorphic vector fields X̃,
Ỹ of the forms appearing in the right-hand sides of formulas (5.91), (5.92),
respectively, where ρ, σ, µ, τ are functions holomorphic near O′

1 and satisfying
(5.95). Arguing as before, we obtain

[
1
n

Z ′
1, X̃

]

= −1
2
Ỹ ,

[
1
n

Z ′
1, Ỹ

]

= 2X̃ − 1
n

Z ′
1. (5.101)

Conditions (5.95), (5.101) uniquely determine the functions ρ, σ, µ, τ as fol-
lows:

ρ = ± i

4
(

(z + 2)w±n − (z − 2)w∓n
)

∓ i, σ = − i

4n

(

wn+1 + w1−n − 2w
)

,

µ =
1
2
(

(z + 2)w±n + (z − 2)w∓n
)

− z, τ = − 1
2n

(

wn+1 − w1−n
)

.

Thus, we have shown that if M is a (2,3)-manifold such that G(M) is an
n-sheeted cover of SO2,1(R)0 and O(p) is a Levi-flat G(M)-orbit in M , then
there exists a CR-isomorphism from O(p) onto O′

1 that transforms near O(p)
vector fields from the Lie algebra g(M) into vector fields near O′

1 from the
Lie algebra a(n) generated by Z ′

1 and

i
(

(z + 2)wn − (z − 2)w−n
)

∂/∂z − i

n

(

wn+1 + w1−n
)

∂/∂w,

(

(z + 2)wn + (z − 2)w−n
)

∂/∂z − 1
n

(

wn+1 − w1−n
)

∂/∂w.

The CR-isomorphism is either the map F constructed above or the map S′◦F ,
where S′ is given by

z �→ z,
w �→ 1/w.

Let M be any of the (2,3)-manifolds D
(n)
s , D

(n)
s,t , D̂

(1)
t (here n = 1) intro-

duced in (11)(d). The group G(M) coincides with R(n) (see (10), (5.56))
and hence is an n-sheeted cover of SO2,1(R)0. Furthermore, O(n)

0 (see (5.71),
(5.75)) is a Levi-flat G(M)-orbit in M. Hence, as we have shown above, there
exists a CR-isomorphism from O(n)

0 onto O′
1 that transforms g(M) near O(n)

0

into a(n) near O′
1. Therefore, there exists a CR-isomorphism from O(p) onto

O(n)
0 that transforms G(M)|O(p) into R(n)|O(n)

0
.

The proof of Proposition 5.4 is complete.

Remark 5.5. It is in fact possible to write down a suitable CR-equivalence
between O(j)

0 for j ∈ {1, 2, . . . ,∞} and either O1 or O′
1 explicitly. For example,
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let us realize O(1)
0 as ∆×∂∆ ⊂ CP

1×CP
1 (see (11)(c)). Then the map given

by

z = −2
ZW + 1
ZW − 1

,

w = W

takes ∆ × ∂∆ onto O′
1 and transforms near ∆ × ∂∆ the Lie algebra of

SU1,1/{±id}-vector fields on CP
1 × CP

1 into a(1) near O′
1 (here we set

Z0 = W0 = 1 on ∆ × ∂∆ and denote Z := Z1, W := W1).

We will now prove the following theorem that finalizes our classification
of (2,3)-manifolds in the case when every orbit has codimension 1. In the
formulation below we use the notation introduced in Sect. 5.1.

Theorem 5.6. ([I5])Let M be a (2,3)-manifold. Assume that the G(M)-orbit
of every point in M is of codimension 1 and that at least one orbit is Levi-flat.
Then M is holomorphically equivalent to one of the following manifolds:

(i) Rα,s,t, where α ∈ R, α �= 0, 1, and either s = −∞, t = 1 or
s = −1, 0 < t ≤ ∞, and in the latter case t �= 1, if α = 1/2;

(ii) R̂α,−1,t, where α > 0, α �= 1, 0 < t < ∞;
(iii) Û1,t, where −∞ < t < 0;
(iv) D

(j)
s,t , where j ∈ {1, 2, . . . ,∞}, −1 ≤ s < 1 < t ≤ ∞,

and s = −1 and t = ∞ do not hold simultaneously.

The manifolds on list (i)–(iv) are pairwise holomorphically non-equivalent.

Proof: The proof is based on Proposition 5.4 and the orbit gluing procedure
introduced in Sect. 3.4.

Observe that the set L := {p ∈ M : O(p) is Levi-flat} is closed in M .
Hence, if L is also open, then every orbit in M is Levi-flat. Let p ∈ L

and suppose first that there exists a CR-isomorphism f : O(p) → O1

that transforms G(M)|O(p) into the group G0|O1 . The group G0 acts on
C′ =

{

(z, w) ∈ C
2 : Re z > 0

}

; every orbit of this action has the form

b′r := {(z, w) ∈ C′ : Re w = r} ,

for r ∈ R, and hence is Levi-flat. Arguing as at step (II) of the orbit gluing
procedure, we extend f to a biholomorphic map between a G(M)-invariant
neighborhood U of O(p) and a G0-invariant neighborhood of O1 in C′ that
satisfies (3.16) for all g ∈ G(M) and q ∈ U , where ϕ : G(M) → G0 is an
isomorphism. Since every G0-orbit in C′ is Levi-flat, the set L is open. The
group G0 is not isomorphic to any of the groups Gα for α ∈ R

∗, G′
0, G, R(j),

and it follows that every orbit O(q) in M is CR-equivalent to O1 by means
of a map that transforms G(M)|O(q) into G0|O1 .
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We will now further utilize the orbit gluing procedure from Sect. 3.4. Our
aim is to show that M is holomorphically equivalent to a G0-invariant domain
in C′. First of all, we need to prove that the map F arising at step (III)
extends to a holomorphic automorphism of C′. This map establishes a CR-
isomorphism between b′r1

and b′r2
for some r1, r2 ∈ R. Clearly, F has the form

F = ν ◦ g, where ν is a real translation in w, and g ∈ AutCR(b′r1
). Since

F = f1 ◦f−1 and the maps f and f1 transform the group G(M)|O(s) for some
s ∈ M into the groups G0|b′r1

and G0|b′r2
, respectively, the element g lies in

the normalizer of G0|b′r1
in AutCR(b′r1

).
The general form of an element of AutCR(b′r1

) is

(z, r1 + iv) �→ (av(z), r1 + iµ(v)), (5.102)

where v ∈ R, av ∈ Aut(P) for every v, and µ is a diffeomorphism of R. We
consider g in this form and argue as in Sect. 3.4. We then obtain that av for
every v ∈ R lies in the normalizer of T in Aut(P) (see (5.83)), and hence
av ∈ T for all v. Moreover, we obtain: av1aa−1

v1
= av2aa−1

v2
for all a ∈ T and

all v1, v2 ∈ R. Therefore, a−1
v1

av2 lies in the center of T , which is trivial. Hence
we obtain that av1 = av2 for all v1, v2. In addition, there exists d ∈ R

∗ such
that µ−1(v) + γ ≡ µ−1(v + dγ), for all γ ∈ R. As in Sect. 3.4, differentiating
this identity with respect to γ at 0 gives

µ−1(v) = v/d + t (5.103)

for some t ∈ R. Therefore, F extends to a holomorphic automorphism of C′

as the following map:
z �→ λz + iβ,
w �→ d(w − it) + σ,

(5.104)

where λ > 0, β, σ ∈ R (cf. (3.24)).
Any G0-invariant domain in C′ is given by

{

(z, w) ∈ C
2 : Re z > 0, s < Re w < t

}

,

for some −∞ ≤ s < t ≤ ∞. At step (IV) we observe that, since O1 splits
C′, for V sufficiently small we have V = V1 ∪ V2 ∪ O(x), where Vj are open
connected non-intersecting sets. If Vj ⊂ D for j = 1, 2, then for the domain D
we have s > −∞, t < ∞, and the argument applied above to the map F shows
that F̂ has the form (5.104). Further, using the fact that F̂ is G0-equivariant,
we obtain that F̂ is a translation in w and that C covers M , contradicting
with the hyperbolicity of M . It then follows that M is equivalent to ∆2 which
is impossible, since d(∆2) = 6.

Next, if for p ∈ L there exists a CR-isomorphism between O(p) and O′
1

that transforms G(M)|O(p) into the group G′
0|O′

1, a similar argument gives
that M is holomorphically equivalent to the product of ∆×A, where A is either
an annulus or a punctured disk. This is impossible either since d(∆×A) = 4.
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Let now p ∈ L and suppose that there exists a CR-isomorphism f : O(p) →
O1 that transforms G(M)|O(p) into the group G1|O1 . The group G1 acts on

G := C
2 \

{

(z, w) ∈ C
2 : Re z = Re w = 0

}

,

with codimension 1 orbits, and, as as before, we can extend f to a biholo-
morphic map between a G(M)-invariant neighborhood U of O(p) and a G1-
invariant neighborhood of O1 in G that satisfies (3.16) for all g ∈ G(M) and
q ∈ U , where ϕ : G(M) → G1 is an isomorphism. A G1-orbit in G is either of
the form

{

(z, w) ∈ C
2 : Re w = rRe z, Re z > 0

}

,

or of the form
{

(z, w) ∈ C
2 : Re w = rRe z, Re z < 0

}

,

for r ∈ R, or coincides with either Ô1 (see (5.5)), or

Ô−
1 :=

{

(z, w) ∈ C
2 : Re z = 0, Re w < 0

}

, (5.105)

and hence is Levi-flat. Therefore, every orbit in M is Levi-flat, and it follows,
as before, that every orbit O(q) in M is CR-equivalent to O1 by means of a
map that transforms G(M)|O(q) into G1|O1 .

In order to show that M is holomorphically equivalent to a G1-invariant
domain in G, we need to deal with steps (III) and (IV) of the orbit gluing
procedure. In this case we have F = ν ◦g, where ν is a map of the form (5.33)
with A ∈ GL2(R), and g ∈ AutCR(o) for some G1-orbit o. As before, g lies in
the normalizer of G1|o in AutCR(o). Let X be a map of the form (5.33) with
A ∈ GL2(R) that transforms o into O1, and gX := X◦g ◦X−1. Considering gX

in the general form (5.102) with r1 = 0 we see that for every λ > 0, β, γ ∈ R,
the composition aλv+γ◦aλ,β◦a−1

v , where aλ,β(z) := λz+iβ, belongs to T and is
independent of v. This implies that av(z) = λ0z+i(C1v+C2) for some λ0 > 0,
C1, C2 ∈ R. Also, for every λ > 0, γ ∈ R there exist λ1 > 0, γ1 ∈ R such
that µ

(

λµ−1(v) + γ
)

= λ1v + γ1. It then follows, in particular, that either
there exist c ∈ R

∗, d ∈ R such that µ−1(v) + γ ≡ µ−1 (ecγv + d(1 − ecγ)),
or there exists d ∈ R

∗ such that µ−1(v) + γ ≡ µ−1 (v + dγ) for all γ ∈ R.
Differentiating these identities with respect to γ at 0, we see that the first
identity cannot hold and that µ−1, as before, has the form (5.103) for some
t ∈ R. It then follows that gX extends to a holomorphic automorphism of G
as the map

z �→ λ0z + C1w + iC2,
w �→ dw − idt,

(5.106)

and thus F extends to an automorphism of G as well.
Any hyperbolic G1-invariant domain in G has the form S + iR2, where S is

an angle of size less than π with vertex at the origin in the (Re z,Re w)-plane.
If at step (IV) we have Vj ⊂ D for j = 1, 2, then the argument applied above
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to the map F shows that F̂ has the form (5.10) with A ∈ GL2(R). Further,
using the fact that F̂ is G1-equivariant, we obtain that F̂ = id, which is
impossible. This shows that M is holomorphically equivalent to a hyperbolic
G1-invariant domain in G. By means of a suitable linear transformation every
such domain is equivalent to the tube domain whose base is the first quadrant,
and thus M is holomorphically equivalent to ∆2, which is impossible.

Let p ∈ L and suppose that there exists a CR-isomorphism f : O(p) → O1

that transforms G(M)|O(p) into the group Gα|O1 for some α ∈ R
∗, α �= 1. The

group Gα acts on G, and every Gα-orbit in G is either strongly pseudoconvex
and has one of the forms

{

(z, w) ∈ C
2 : Re w = r (Re z)α

, Re z > 0
}

,

{

(z, w) ∈ C
2 : Re w = r (−Re z)α

, Re z < 0
}

,

for r ∈ R
∗, or coincides with one of O1, Ô1 (see (5.5)), Ô−

1 (see (5.105)), and

O−
1 :=

{

(z, w) ∈ C
2 : Re z < 0, Re w = 0

}

. (5.107)

It then follows that every Levi-flat orbit in M has a G(M)-invariant neighbor-
hood in which every other orbit is strongly pseudoconvex. Among the groups
Gβ (with β ∈ R

∗, β �= 1, β �= α), G, R(j) the only group isomorphic to Gα is
G1/α. Thus, it follows that every Levi-flat orbit O(q) in M is CR-equivalent
to O1 by means of a map that transforms G(M)|O(q) into either Gα|O1 or
G1/α|O1 . In the latter case interchanging the variables we obtain a map that
takes O(q) into Ô1 and transforms G(M)|O(q) into Gα|Ô1

. Next, by Proposi-
tion 5.3 , every strongly pseudoconvex orbit O(q′) is CR-equivalent to τα (see
(5.3)) by means of a CR-map that transforms G(M)|O(q′) into Gα|τα

.
We now turn to step (III) of the orbit gluing procedure. For the point

x ∈ ∂D there exists a real-analytic CR-isomorphism f1 between O(x) and one
of O1, Ô1, τα that transforms G(M)|O(x) into one of Gα|O1 , Gα|Ô1

, Gα|τα,
respectively. In each of these three cases the corresponding point s can be
chosen so that O(s) is strongly pseudoconvex. Then F is a CR-isomorphism
between strongly pseudoconvex Gα-orbits, and thus has the form F = ν ◦ g,
where ν is a map of the form

z �→ ±z,
w �→ dw

(5.108)

with d ∈ R
∗, and g ∈ Gα. Therefore, F extends to an automorphism of G.

Suppose that at step (IV) we have Vj ⊂ D for j = 1, 2. Assume first O(x)
is strongly pseudoconvex. Then F̂ = ν ◦ g, where ν is a non-trivial map of the
form (5.108), and g ∈ Gα. Now using the fact that F̂ is Gα-equivariant, we
obtain that F̂ = id, which is impossible. Suppose now that O(x) is Levi-flat.
Then F̂ = ν ◦ g, where ν is one of the maps

z �→ −z,
w �→ w,

z �→ z,
w �→ −w,

z �→ ±w,
w �→ z,

z �→ w,
w �→ ±z,

(5.109)
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and g ∈ AutCR(o), where o is a Levi-flat Gα-orbit. In this case, either g lies in
the normalizer of Gα|o in AutCR(o), or gGα|og−1 = G1/α|o and gG1/α|og−1 =
Gα|o. Transforming o into O1 by a map X from list (5.109) and arguing as in
the case of the group G1 for the map F , we obtain that gX := X ◦ g ◦ X−1

extends to a holomorphic automorphism of G as a map of the form (5.106)
with C1 = 0. It then follows that F̂ has the form (5.10) with A ∈ GL2(R).
Now, using the Gα-equivariance of F̂ we again see that F̂ = id which is
impossible. Hence M is holomorphically equivalent to a Gα-invariant domain
in G, and we obtain (i) and (ii) of the theorem.

Let p ∈ L and suppose that there exists a CR-isomorphism f : O(p) → O1

that transforms G(M)O(p) into the group G|O1 . The group G acts on G, and
every G-orbit in G is either strongly pseudoconvex and has one of the forms

{

(z, w) ∈ C
2 : Re z = Re w ln (rRe w) , Re w > 0

}

,

{

(z, w) ∈ C
2 : Re z = Re w ln (−rRe w) , Re w < 0

}

,

for r > 0, or coincides with one of O1, O−
1 (see (5.107)).

It then follows that every Levi-flat orbit in M has a G(M)-invariant neigh-
borhood in which every other orbit is strongly pseudoconvex, that every Levi-
flat orbit in M is CR-equivalent to O1 by means of a map that transforms
G(M)|O(p) into G|O1 and that every strongly pseudoconvex orbit is CR-
equivalent to ξ (see (5.8)) by means of a map that transforms G(M)|O(p)

into G|ξ.
At step (III), as in the case of the groups Gα above, we can choose s so

that O(s) is strongly pseudoconvex. It then follows that F = ν ◦ g, where ν is
a map of the form

z �→ dz,
w �→ dw

(5.110)

with d ∈ R
∗, and g ∈ G. Therefore, F extends to an automorphism of G.

Suppose that at step (IV) we have Vj ⊂ D for j = 1, 2. Assume first O(x)
is strongly pseudoconvex. Then F̂ = ν ◦ g, where ν is a non-trivial map of
the form (5.110), and g ∈ G. Now, using the fact that F̂ is G-equivariant, we
obtain that F̂ = id, which is impossible. Suppose now that O(x) is Levi-flat.
Then F̂ = ν ◦ g, where ν is map (5.110) with d = −1, and g ∈ AutCR(o),
where o is a Levi-flat G-orbit. The element g lies in the normalizer of G in
AutCR(o). Transforming o into O1 by a map X of the form (5.110) with d = ±1
and considering gX := X ◦ g ◦X−1 in the general form (5.102) with r1 = 0, we
obtain, as before, that µ−1 has the form (5.103) for some d ∈ R

∗, t ∈ R, and
that av(z) = λ0z + iβ(v), where λ0 > 0 and β(v) is a function satisfying for
every λ > 0 and γ ∈ R the following condition:

∂/∂v
[

β
(

λµ−1(v) + γ
)

− λβ
(

µ−1(v)
)

+ λ ln λ
(

λ0µ
−1(v) − v

)]

≡ 0.

Setting λ = 1 in the above identity gives that gX extends to an automorphism
of G as a map of the form (5.106). Therefore, F̂ has the form (5.10) with



106 5 The Case of (2,3)-Manifolds

A ∈ GL2(R), and using the G-equivariance of F̂ we again see that F̂ = id
which is impossible. Hence M is holomorphically equivalent to a G-invariant
domain in G, and we have obtained (iii) of the theorem.

Let p ∈ L and suppose that there exists a CR-isomorphism f : O(p) →
O(j)

0 that transforms G(M)|O(p) into the group R(j)|O(j)
0

for some j ∈
{1, 2, . . . ,∞}. The group R(j) acts on D(j), where D(1) := D

(1)
−1,∞ (see (5.74)),

D(j) := M (j) \ O(2j) for 1 < j < ∞, and D(∞) := M (∞) (see (11)(a), (d)).
Apart from O(j)

0 , every R(j)-orbit in D(j) is strongly pseudoconvex and is one
of ν

(j)
α , for −1 < α < 1, or η

(2j)
α , for α > 1. It then follows that Levi-flat

orbits in M are isolated, and every such orbit O(q) is CR-equivalent to O(j)
0

by means of a CR-isomorphism that transforms G(M)|O(q) into the group
R(j)|O(j)

0
.

At step (III) we again choose s so that O(s) is strongly pseudoconvex which
gives that F extends to D(j) as an element of R(j). At step (IV), we observe
that O(x) cannot be strongly pseudoconvex since otherwise F̂ would be a CR-
isomorphism between two distinct strongly pseudoconvex R(j)-orbits in D(j),
while in fact R(j)-orbits are pairwise CR non-equivalent. On the other hand,
O(x) cannot be Levi-flat either, since otherwise F̂ would be a CR-isomorphism
between two distinct Levi-flat R(j)-orbits in D(j), while O

(j)
0 is the only Levi-

flat orbit in D(j). This implies that M is holomorphically equivalent to a
R(j)-invariant domain in D(j) which leads to (iv) of the theorem.

The proof of Theorem 5.6 is complete.

5.4 Codimension 2 Orbits

In this section we finalize our classification by allowing codimension 2 orbits
to be present in the manifold. We will prove the following theorem (as before,
we use the notation introduced in Sect. 5.1).

Theorem 5.7. ([I5])Let M be a (2,3)-manifold. Assume that a G(M)-orbit
of codimension 1 and a G(M)-orbit of codimension 2 are present in M . Then
M is holomorphically equivalent to one of the following manifolds:

(i) S1;
(ii) Et with 1 < t < ∞;
(iii) E

(2)
t with 1 < t < ∞;

(iv) Ωt with −1 < t < 1;
(v) Ds with 1 ≤ s < ∞;
(vi) D

(2)
s with 1 < s < ∞;

(vii) D
(n)
s with n ≥ 3, 1 ≤ s < ∞;

(viii) D
(n)
s with n ≥ 1, −1 < s < 1;

(ix) D̂
(1)
t with 1 < t < ∞.
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Proof: Since a codimension 1 orbit is present in M , it follows that there
are at most two codimension 2 orbits (see [AA]). Let O be one such orbit.
Parts (iii) and (iv) of Proposition 4.2 yield that for every p ∈ O the group
I0
p is isomorphic to U1 (in particular, G(M) has a subgroup isomorphic to

U1), and there exists an I0
p -invariant connected complex curve Cp in M that

intersects O transversally at p. If O is a complex curve, one such curve Cp

corresponds – upon local linearization of the Ip-action – to the L0
p-invariant

subspace {w = 0} of Tp(M), where the coordinates (z, w) in Tp(M) are chosen
with respect to the decomposition of Tp(M) specified in (iii) of Proposition
4.2, with {z = 0} corresponding to V = Tp(O(p)); if, in addition, the isotropy
linearization is given by (4.2), then the maximal extension of this curve is the
only maximally extended complex curve in M with these properties. If O is
a totally real orbit, Cp can be constructed from any of the two L0

p-invariant
subspaces {z = ±iw} of Tp(M), where the coordinates (z, w) in Tp(M) are
chosen so that V = {Im z = 0, Im w = 0} (see (iv) of Proposition 4.2); locally
near p there are no other such curves. Clearly, there exists a neighborhood U
of p such that U ∩ (Cp \ {p}) is equivalent to a punctured disk.

Since there is a codimension 1 orbit in M , the group G(M) is either isomor-
phic to one of the groups listed in Proposition 5.3 (if a strongly pseudoconvex
orbit is present in M) or to one of G1, G0, G′

0 (if all codimension 1 orbits are
Levi-flat – see (5.2) and (5.88)). Since G0 and G1 do not contain subgroups
isomorphic to U1, the group G(M) in fact cannot be isomorphic to either of
these groups. Let M ′ be the manifold obtained from M by removing all codi-
mension 2 orbits, and suppose that G(M) is isomorphic to G′

0. The subgroup
of G′

0 isomorphic to U1 is unique and consists of all rotations in w, it is normal
and maximal compact in G′

0; we denote it by J . It follows from the proof of
Theorem 5.6 that M ′ is holomorphically equivalent to

Vs,t :=
{

(z, w) ∈ C
2 : Re z > 0, s < |w| < t

}

,

where 0 ≤ s < t ≤ ∞, and either s > 0 or t < ∞, by means of a map f that
satisfies (3.16) for all g ∈ G(M), q ∈ M ′ and an isomorphism ϕ : G(M) → G′

0.
Clearly, Ip = I := ϕ−1(J) for every p ∈ O. In particular, Ip acts trivially on
O for every p ∈ O; hence O is a complex curve with isotropy linearization
given by (4.2), and there are no totally real orbits in M . The group G′

0 acts
on C̃′ := P × CP

1 (we set g(z,∞) := (λz + iβ,∞) for every g of the form
(5.88)). This action has two complex curve orbits

O7 := P × {0},
O8 := P × {∞}. (5.111)

It is straightforward to observe that every connected J-invariant complex
curve in Vs,t extends to a curve of the form

Nz0 := {z = z0} ∩ Vs,t,

for some z0 ∈ P, which is either an annulus (possibly with infinite outer radius)
or a punctured disk. Fix p0 ∈ O, let Cp0 be the unique maximally extended
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I-invariant complex curve in M that intersects O at p0 transversally, and let
z0 ∈ P be such that f(Cp0 \ {p0}) = Nz0 . Since for a sequence {pj} in Cp0

converging to p0 the sequence {f(pj)} approaches either {z = z0, |w| = s} or
{z = z0, |w| = t} and Cp0 \ {p0} is equivalent to a punctured disk near p0, we
have either s = 0 or t = ∞, respectively.

Assume first that s = 0. We extend f to a map from M̂ := M ′ ∪ O onto
the domain

Vt :=
{

(z, w) ∈ C
2 : Re z > 0, |w| < t

}

= V0,t ∪ O7,

by setting f(p0) := q0 := (z0, 0) ∈ O7, with z0 constructed as above. The
extended map is 1-to-1 and satisfies (3.16) for all g ∈ G(M), q ∈ M̂ . To prove
that f is holomorphic on all of M̂ , it suffices to show that f is continuous
on O. Our argument is similar to that in Sect. 3.4. We will prove that every
sequence {pj} in M̂ converging to p0 has a subsequence along which the values
of f converge to q0. Let first {pj} be a sequence in O. Clearly, there exists a
sequence {gj} in G(M) such that pj = gjp0 for all j. Since G(M) acts properly
on M , there exists a converging subsequence {gjk

} of {gj}, and we denote by g0

its limit. It then follows that g0 ∈ I and, since f satisfies (3.16), we obtain that
{f(pjk

)} converges to q0. Next, if {pj} is a sequence in M ′, then there exists
a sequence {gj} in G(M) such that gjpj ∈ Cp0 . Clearly, the sequence {gjpj}
converges to p0 and hence {f(gjpj)} converges to q0. Again, the properness
of the G(M)-action on M yields that there exists a converging subsequence
{gjk

} of {gj}. Let g0 be its limit; as before, we have g0 ∈ I. Property (3.16)
now implies f(pjk

) = [ϕ(gjk
)]−1

f(gjk
pjk

), and therefore {f(pjk
)} converges

to q0. Thus, f is holomorphic on M̂ . Since t < ∞, the orbit O is the only
codimension 2 orbit, and thus M is holomorphically equivalent to Vt. This is,
however, impossible since d(Vt) = 6.

Assume now that t = ∞. Arguing as in the case s = 0 and mapping O
onto O8, we can extend f to a biholomorphic map between M and the domain
in C̃′ given by

{

(z, w) ∈ C
2 : Re z > 0, |w| > s

}

∪ O8 = Vs,∞ ∪ O8,

which is holomorphically equivalent to V1. This is again impossible, and we
have ruled out the case when G(M) is isomorphic to G′

0.
It then follows that there is always a strongly pseudoconvex orbit in M

and hence G(M) is isomorphic to one of the groups listed in Proposition 5.3.
Observe that the groups that arise in subcases (g), (h), (j’), (k), (m’), (n’)
of case (A) as well as in cases (D) and (F) do not have non-trivial compact
subgroups; thus these situations do not in fact occur. In addition, arguing as
in the proof of Theorem 5.2, we rule out case (B).

We now assume that a complex curve orbit is present in M . Let O be
such an orbit. Then (iii) of Proposition 4.2 gives that O is equivalent to P.
Furthermore, if for p ∈ O the group I0

p acts on O non-trivially, that is, L0
p is

given by some H2
k1,k2

(see (4.1)), then there exists a finite normal subgroup
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H ⊂ Ip such that G(M)/H is isomorphic to Aut(P) � SO2,1(R)0; if I0
p acts

on O trivially (see (4.2)), then there is a 1-dimensional normal compact sub-
group H ⊂ Ip such that G(M)/H is isomorphic to the subgroup T ⊂ Aut(P)
(see (5.83)). In particular, every maximal compact subgroup of G(M) is 1-
dimensional and therefore is isomorphic to U1. It then follows that for every
p ∈ O the group I0

p is a maximal compact subgroup of G(M) and hence Ip is
connected. Observe now that in subcases (l), (l’), (l”) of case (A) as well as in
case (C) the group G(M) is compact. In case (G) the group G(M) is isomor-
phic to U1 ×R

2; thus no quotient of G(M) by a finite subgroup is isomorphic
to SO2,1(R)0 and the quotient of G(M) by its maximal compact subgroup
is not isomorphic to T . Furthermore, in subcases (j), (j”) the group G(M)
is isomorphic to U1 � R

2. This group has no 1-dimensional compact normal
subgroups and no quotient of this group by a finite subgroup is isomorphic to
SO2,1(R)0. Therefore, if a complex curve orbit is present in M , we only need
to consider subcases (m), (m”), (n), (n”) of case (A), and case (E).

We begin with case (E) and assume first that for some point p ∈ M there
exists a CR-isomorphism between O(p) and the hypersurface ε′α for some
α > 0 (see (d) in the proof of Theorem 5.2), that transforms G(M)|O(p) into
Gε′

α
|ε′

α
, where Gε′

α
is the group of all maps

z �→ λz + iβ,
w �→ eiψλ1/αw,

(5.112)

with λ > 0, ψ, β ∈ R.
We proceed as in the case of the group G′

0 considered above. In this case
Levi-flat orbits are not present in M , and it follows from the proof of Theorem
5.2 that M ′ is holomorphically equivalent to Rα,s,t (see (5.86)) for some 0 ≤
s < t ≤ ∞, with either s > 0 or t < ∞, by means of a map f that satisfies
(3.16) for all g ∈ G(M), q ∈ M ′ and an isomorphism ϕ : G(M) → Gε′

α
.

The only 1-dimensional compact subgroup of Gε′
α

is the maximal compact
normal subgroup Jε′

α given by the conditions λ = 1, β = 0 in (5.112). Clearly,
Ip = I := ϕ−1(Jε′

α) for all p ∈ O, which implies, as before, that O is a complex
curve with isotropy linearization given by (4.2), and there are no totally real
orbits. The group Gε′

α
acts on C̃′, and, as before, this action has two complex

curve orbits O7 and O8 (see (5.111)).
Further, every connected Jε′

α -invariant complex curve in Rα,s,t extends to
a curve of the form

{z = z0} ∩ Rα,s,t =

{

(z, w) ∈ C
2 : z = z0,

(Re z0/t)1/α
< |w| < (Re z0/s)1/α

}

,

for some z0 ∈ P, which is either an annulus or a punctured disk. As before,
we obtain that either s = 0, or t = ∞.
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If t = ∞, we extend f to a biholomorphic map from M̂ = M ′ ∪ O onto
the domain

E′
α,s :=

{

(z, w) ∈ C
2 : Re z > s|w|α

}

= Rα,s,∞ ∪ O7 (5.113)

(cf. (ii) of Theorem 3.1). Since s > 0, the orbit O is the only codimension 2
orbit, and hence M is holomorphically equivalent to E′

α,s. Similarly, if s = 0,
then M is holomorphically equivalent to the domain

{

(z, w) ∈ C
2 : 0 < Re z < t|w|α

}

∪ O8 = Rα,0,t ∪ O8, (5.114)

which is equivalent to the domain

E ′
α :=

{

(z, w) ∈ C
2 : Re z > 0, |w| < (Re z)−1/α

}

(cf. (iii) of Theorem 3.1). This is, however, impossible since d(E′
α,s) ≥ 4 and

d(E ′
α) = 4.
Assume now that in case (E) for some point p ∈ M there exists a CR-

isomorphism f between O(p) and the hypersurface ε′α for some α ∈ Q, α > 0,
that transforms G(M)|O(p) into Vα|ε′

α
(see Proposition 5.3 for the definition

of Vα). Let α = k1/k2, for k1, k2 ∈ N, with (k1, k2) = 1.
As before, f extends to a biholomorphic map between M ′ and Rα,s,t,

where 0 ≤ s < t ≤ ∞, and either s > 0 or t < ∞. The map f satisfies (3.16)
for all g ∈ G(M), q ∈ M ′ and an isomorphism ϕ : G(M) → Vα. The group
Vα acts on C̃′, and, as before, this action has two complex curve orbits O7 and
O8. Every 1-dimensional compact subgroup of Vα is the isotropy subgroup of
the points (z0, 0) ∈ O7 and (z0,∞) ∈ O8 for a uniquely chosen z0 ∈ P. For
z0 ∈ P denote by J

ε′
α

z0 the corresponding maximal compact subgroup of Vα.
For every z0 ∈ P there is a family FR

z0
of connected closed complex curves

in Rα,s,t invariant under the J
ε′

α
z0 -action, such that every J

ε′
α

z0 -invariant con-
nected complex curve in Rα,s,t extends to a curve from FR

z0
. We will now

describe FR
1 (here z0 = 1); for arbitrary z0 ∈ P we have FR

z0
= g

(

FR
1

)

, where
g ∈ Vα is constructed from an element g̃ ∈ Aut(P) such that z0 = g̃(1). The
family FR

1 consists of the curves
{

(z, w) ∈ C
2 : (z2 − 1)k2 = ρwk1

}

∩ Rα,s,t,

where ρ ∈ C. Each of these curves is equivalent to either an annulus or a
punctured disk. The latter occurs only for ρ = 0 if either s = 0 or t =
∞, and for ρ �= 0 if t = ∞. If either s = 0 or t = ∞, the corresponding
curves accumulate to either the point (1,∞) ∈ O8 or the point (1, 0) ∈ O7,
respectively.

Fix p0 ∈ O. Since ϕ(Ip0) is a 1-dimensional compact subgroup of Vα,
there is a unique z0 ∈ P such that ϕ(Ip0) = J

ε′
α

z0 . Consider any connected Ip0-
invariant complex curve Cp0 in M intersecting O transversally at p0. Since
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f(Cp0 \ {p0}) is J
ε′

α
z0 -invariant, it extends to a complex curve C ∈ FR

z0
. If a

sequence {pj} in Cp0 \ {p0} accumulates to p0, the sequence {f(pj)} accu-
mulates to one of the two ends of C, and therefore we have either s = 0 or
t = ∞.

Assume first that t = ∞. In this case, arguing as earlier, we can extend
f to a biholomorphic map between M̂ and E′

α,s by setting f(p0) := q0 :=
(z0, 0) ∈ O7, where p0 and z0 are related as specified above. As before, it is
straightforward to show that O is the only codimension 2 orbit in M , and
hence it follows that M is holomorphically equivalent to E′

α,s. Similarly, it
can be proved that for s = 0 the manifold M is holomorphically equivalent
to E ′

α. As before, this is impossible and thus in case (E) no orbit is a complex
curve.

We now consider the remaining subcases of case (A). Suppose first that
there is an orbit in M whose model is either some να, or some ηα, or some
η
(2)
α . It then follows from the poofs of Theorems 5.2 and 5.6 that M ′ is holo-

morphically equivalent to one of the following: Ωs,t with −1 ≤ s < t ≤ 1 (see
(5.37)); Ds,t with 1 ≤ s < t ≤ ∞ (see (5.43)); D

(2)
s,t with 1 ≤ s < t ≤ ∞ (see

(5.60)); D
(1)
s,t with −1 ≤ s < 1 < t ≤ ∞, where s = −1 and t = ∞ do not hold

simultaneously (see (5.73)).
Suppose first that M ′ is equivalent to Ωs,t, and let f be an equivalence

map. The group Rν (see (5.38)) acts on the domain Ω1 (see (5.41)) with the
totally real codimension 2 orbit O5 (see (5.42)). Every 1-dimensional compact
subgroup of Rν is the isotropy subgroup of a unique point in O5. For q0 ∈ O5

denote by Jν
q0

its isotropy subgroup under the action of Rν . There is a family
FΩ

q0
of connected closed complex curves in Ωs,t invariant under the Jν

q0
-action,

such that every connected Jν
q0

-invariant complex curve in Ωs,t extends to a
curve from FΩ

q0
. As before, it is sufficient to describe this family only for a

particular choice of q0. The family FΩ
(0,0) consists of the connected components

of non-empty sets of the form
{

(z, w) ∈ C
2 : z2 + w2 = ρ

}

∩ Ωs,t,{

(z, w) ∈ C
2 : z = iw

}

∩ Ωs,t,{

(z, w) ∈ C
2 : z = −iw

}

∩ Ωs,t,
(5.115)

where ρ ∈ C
∗. Each of the curves from FΩ

(0,0) is equivalent to either an annulus
or a punctured disk. The latter is possible only for the last two curves and
only for s = −1, in which case they accumulate to (0, 0) ∈ O5.

Now, arguing as in the second part of case (E) above, we obtain that
s = −1 and extend f to a map from M̂ onto Ωt such that f(O) = O5 ⊂ Ωt.
It can be shown, as before, that f is holomorphic on M̂ . However, O is a
complex curve in M̂ whereas O5 is totally real in Ωt. Hence M ′ cannot be
equivalent to Ωs,t.

Assume next that M ′ is equivalent to Ds,t by means of a map f . The
group Rη (see (5.45)) acts on the domain D1 (see (5.47)) with the complex
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curve orbit O (see (5.44)). We again argue as in the second part of case (E)
above. Every 1-dimensional compact subgroup of Rη is the isotropy subgroup
of a unique point in O. For q0 ∈ O denote by Jη

q0
its isotropy subgroup under

the action of Rη. There is a family FD
q0

of connected closed complex curves in
Ds,t invariant under the Jη

q0
-action, such that every connected Jη

q0
-invariant

complex curve in Ds,t extends to a curve from FD
q0

. The family FD
(i,0) consists

of the sets {

(z, w) ∈ C
2 : 1 + z2 + ρw2 = 0

}

∩ Ds,t,
{w = 0} ∩ Ds,t,

where ρ ∈ C. Each of the curves from FD
(i,0) is equivalent to an annulus for

t < ∞ and to a punctured disk if t = ∞, in which case it accumulates to
(i, 0) ∈ O.

As before, we now obtain that t = ∞ and extend f to a biholomorphic
map from M̂ onto Ds such that f(O) = O. It is straightforward to see that
O is the only codimension 2 orbit; hence M is holomorphically equivalent to
Ds, and we have obtained (v) of the theorem.

Suppose now that M ′ is equivalent to D
(1)
s,t , and let f be an equivalence

map. The group R(1) (see (10)) acts on M (1) (see (5.70)) with the com-
plex curve orbit O(2) (see (5.67)) and the totally real orbit O6 (see (5.72)).
Every 1-dimensional compact subgroup of R(1) is the isotropy subgroup of
a unique point in each of O(2), O6. For q1 ∈ O(2) and q2 ∈ O6 that have
the same isotropy subgroup under the R(1)-action, denote this subgroup by
JD

q1,q2
. As before, there is a family FD

q1,q2
of connected complex closed curves

in D
(1)
s,t invariant under the JD

q1,q2
-action, such that every connected JD

q1,q2
-

invariant complex curve in D
(1)
s,t extends to a curve from FD

q1,q2
. The family

FD
(0:1:i:0),(0,0,−i) consists of the connected components of the sets

{

(z1, z2, z3) ∈ C
3 : z2

1 + z2
2 + ρz2

3 = 0
}

∩ D
(1)
s,t ,

{z3 = 0} ∩ D
(1)
s,t ,

{

(z1, z2, z3) ∈ C
3 : z1 = iz2

}

∩ D
(1)
s,t ,

{

(z1, z2, z3) ∈ C
3 : z1 = −iz2

}

∩ D
(1)
s,t ,

(5.116)

where ρ ∈ C
∗. Each of the sets from FD

(0:1:i:0),(0,0,−i) is equivalent to either an
annulus or a punctured disk. If s > −1, the latter can only occur for t = ∞,
in which case the corresponding curves accumulate to (0 : 1 : i : 0) ∈ O(2);
if t < ∞, it occurs only for the last two curves provided s = −1, and in this
case they accumulate to (0, 0,−i) ∈ O6.

It now follows, as before, that either s = −1 or t = ∞. If s = −1 we
can extend f to a biholomorphic map between M ′ and D̂

(1)
t (see (5.73)) that

takes O onto O6. This is impossible since O is a complex curve in M and O6

is totally real in D̂
(1)
t . Hence t = ∞, and we can extend f to a biholomorphic

map between M̂ and D
(1)
s (see (5.73)). It is straightforward to see that O is
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the only codimension 2 orbit in M , and thus M is holomorphically equivalent
to D

(1)
s , which is a manifold listed in (viii) of the theorem.

Next, the case when M ′ is equivalent to D
(2)
s,t is treated as the preceding

one. Here we parametrize maximal compact subgroups of R(1) by points in
O(2), and for the point (0 : 1 : i : 0) ∈ O(2) the corresponding family of
complex curves consists of sets constructed as family (5.116), where the curves
appearing on the left must be intersected with D

(2)
s,t rather than D

(1)
s,t (note,

however, that the second last intersection is empty). As above, we obtain that
t = ∞ and that M is holomorphically equivalent to D

(2)
s (see (5.68)). We now

recall that D
(2)
1 is equivalent to ∆2 (see (11)(c)), and, excluding the value

s = 1, obtain (vi) of the theorem.
We now assume that M ′ is holomorphically equivalent to one of the n-

sheeted covers, for n ≥ 2, of the previously considered possibilities: Ω
(n)
s,t (the

cover of Ωs,t) with −1 ≤ s < t ≤ 1 – see (5.55); D
(n)
s,t (the cover of Ds,t) with

1 ≤ s < t ≤ ∞, where n is odd – see (10); D
(2n)
s,t (the cover of D

(2)
s,t ) with

1 ≤ s < t ≤ ∞ – see (5.60); D
(n)
s,t (the cover of D

(1)
s,t ) with −1 ≤ s < 1 < t ≤ ∞,

where s = −1 and t = ∞ do not hold simultaneously – see (11)(d). We will
now formulate a number of useful properties that hold for the covers. These
properties (that we hereafter refer to as Properties (P)) follow from the explicit
construction of the covers in (10), (11).

Let S be one of Ωs,t, Ds,t, D
(2)
s,t , D

(1)
s,t and let S(n) be the corresponding

n-sheeted cover of S (for S = Ds,t we assume that n is odd). Let H := G(S)
and H(n) := G

(

S(n)
)

. Then we have:

(a) the group H(n) consists of all lifts from S to S(n) of all elements of H,
and the natural projection π : H(n) → H is a Lie group homomorphism and
realizes H(n) as an n-sheeted cover of H;

(b) it follows from (a) that for every maximal compact subgroup K0 ⊂ H
(all such subgroups are isomorphic to U1) the subgroup π−1(K0) is maximal
compact in H(n), and all maximal compact subgroups of H(n) are obtained
in this way;

(c) for every maximal compact subgroup K ⊂ H(n) the family of all K-
invariant complex curves in S(n) consists of the lifts from S to S(n) of all
π(K)-invariant complex curves in S, where every connected π(K)-invariant
curve C is lifted to a unique connected K-invariant curve C(n) (in particular,
C(n) covers C in an n-to-1 fashion);

(d) if S is one of Ds,t, D
(2)
s,t , D

(1)
s,t , then every maximal compact subgroup

K ⊂ H(n) is the isotropy subgroup – with respect to the H(n)-action – of
a unique point in O(n) (see (11)(b)) in the first case and a unique point in
O(2n) (see (5.66)) in each of the other two cases; every K-invariant closed
complex curve in S(n) equivalent to a punctured disk accumulates to this
point (provided, for S = D

(1)
s,t , we assume that s > −1).



114 5 The Case of (2,3)-Manifolds

Properties (P) yield that if M ′ is equivalent to either D
(n)
s,t for odd n or

D
(2n)
s,t for n ≥ 2, then t = ∞ and M is holomorphically equivalent to either

D
(n)
s (see (5.69)) or D

(2n)
s (see (5.68)), respectively; this gives (vii) of the

theorem.
Suppose now that M ′ is equivalent to Ω

(n)
s,t by means of a map f . Then

Properties (P) imply that s = −1. Recall that Ψν ◦Φ
(n)
ν : Ω

(n)
−1,t → Ω−1,t is an

n-to-1 covering map (see (10)). Consider the composition f̃ := Ψν ◦ Φ
(n)
ν ◦ f .

This is an n-to-1 covering map from M ′ onto Ω−1,t satisfying (3.16) for all g ∈
G(M), q ∈ M ′, where ϕ : G(M) → Rν is an n-to-1 covering homomorphism.
Fix p0 ∈ O. Since K0 := ϕ(Ip0) is a maximal compact subgroup of Rν , there
is a unique q0 ∈ O5 such that K0 is the isotropy subgroup of q0 under the
Rν-action on Ω1. We now define f̃(p0) := q0. Thus, we have extended f̃ to an
equivariant map from M̂ onto Ωt that takes O onto O5. As before, it can be
shown that f̃ is holomorphic on M̂ . However, O5 is totally real in Ω−1,t and
therefore M ′ cannot in fact be equivalent to Ω

(n)
s,t .

Let M ′ be equivalent to D
(n)
s,t , and let f be an equivalence map. In this

case Properties (P) imply that either s = −1 or t = ∞. If s = −1, arguing as
in the preceding paragraph, we extend the map f̃ := Φ(n) ◦f to a holomorphic
map from M̂ onto D̂

(1)
t that takes O onto O6. As before, this is impossible

since O6 is totally real in D̂
(1)
t , and therefore we in fact have t = ∞. In this

case Properties (P) yield that M is holomorphically equivalent to D
(n)
s , and

we have obtained (viii) of the theorem.
We now assume that every codimension 2 orbit in M is totally real. We will

go again through all the possibilities for the group G(M) listed in Proposition
5.3, paying attention to constraints imposed on G(M) by this condition. In
what follows O denotes a totally real orbit in M . In case (E) with G(M)
isomorphic to Gε′

α
(see (5.112)) we obtain, as before, that Ip = I := ϕ−1(Jε′

α)
for every p ∈ O, and thus Ip acts trivially on O(p) for every p ∈ O which
contradicts (iv) of Proposition 4.2. A similar argument gives a contradiction in
case (G). In case (E) with G(M) isomorphic to Vα the argument given above
for the case of complex curve orbits shows that f extends to a biholomorphic
map between M̂ and either E′

α,s (see (5.113)) or domain (5.114), with either
f(O) = O7 or f(O) = O8, respectively, which is impossible, since O is totally
real, whereas O6, O7 are complex curves. Next, in subcase (l’) of case (A) the
group G(M) is isomorphic to SU2, which implies that M is holomorphically
equivalent to one of the manifolds listed in [IKru2] (see Sect. 6.3). However,
none of the manifolds on the list has a totally real orbit. Therefore, it remains
to consider subcases (j), (j”), (l), (l”), (m), (m”), (n), (n”) of case (A), and
case (C).

We start with case (C). In this situation G(M) is isomorphic to SU2, if
m is odd and to SU2/ {±id}, if m is even. To rule out the case of odd m
we again use the result of [IKru2] (see Sect. 6.3). We now assume that m is
even. In this case M ′ is holomorphically equivalent to Sm,s,t (see (5.85)), with
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0 ≤ s < t < ∞, by means of a map f that satisfies (3.16) for all g ∈ G(M),
q ∈ M ′ and some isomorphism ϕ : G(M) → SU2/ {±id}.

Fix p0 in O and consider the connected compact 1-dimensional subgroup
ϕ(I0

p0
) ⊂ SU2/ {±id}. It then follows that ϕ(I0

p0
) is conjugate in SU2/ {±id}

to the subgroup JL that consists of all elements of the form
(

eiψ 0
0 e−iψ

)

{±id} ,

where ψ ∈ R (see e.g. Lemma 2.1 of [IKru1]). Suppose that p0 is chosen so that
ϕ(I0

p0
) = JL. Let Cp0 be a connected I0

p0
-invariant complex curve in M that

intersects O transversally at p0. Then f(Cp0\{p0}) is a connected JL-invariant
complex curve in Sm,s,t. It is straightforward to see that every connected JL-
invariant complex curve in Sm,s,t extends to a closed curve equivalent to either
an annulus or a punctured disk. The only closed connected JL-invariant curves
in Sm,s,t that can be equivalent to a punctured disk (which only occurs for
s = 0) are

(

{z = 0}/Zm

)

∩ Sm,s,t

and (

{w = 0}/Zm

)

∩ Sm,s,t.

Therefore, the curve f(Cp0 \{p0}) extends to one of these curves, and we have
s = 0.

Let Bt be the ball of radius t in C
2 and B̂t its blow-up at the origin, i.e.

B̂t :=
{[

(z, w), (ξ : ζ)
]

∈ Bt × CP
1 : zζ = wξ

}

, (5.117)

where (ξ : ζ) are the homogeneous coordinates in CP
1. We define an action of

U2 on B̂t as follows: for g ∈ U2 and
[

(z, w), (ξ : ζ)
]

∈ B̂t set

g
[

(z, w), (ξ : ζ)
]

:=
[

g(z, w), g(ξ : ζ)
]

,

where in the right-hand side we use the standard actions of U2 on C
2 and CP

1.
Next, we denote by B̂t/Zm the quotient of B̂t by the equivalence relation
[

(z, w), (ξ : ζ)
]

∼ e
2πi
m

[

(z, w), (ξ : ζ)
]

. Let
{[

(z, w), (ξ : ζ)
]}

∈ B̂t/Zm be

the equivalence class of
[

(z, w), (ξ : ζ)
]

∈ B̂t. We now define in a natural

way an action of SU2/ {±id} on B̂t/Zm: for
{[

(z, w), (ξ : ζ)
]}

∈ B̂t/Zm and
g {±id} ∈ SU2/ {±id} we set

g {±id}
{[

(z, w), (ξ : ζ)
]}

:=
{

g
[

(z, w), (ξ : ζ)
]}

.

The points
{[

(0, 0), (ξ : ζ)
]}

form an SU2/ {±id}-orbit that we denote by

O9; this is a complex curve equivalent to CP
1. Everywhere below we identify

Sm,0,t with B̂t/Zm \ O9.
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For q0 ∈ O9 let JL
q0

be the isotropy subgroup under the action of
SU2/ {±id}. It is straightforward to see that every subgroup JL

q0
is conju-

gate to JL in SU2/ {±id} and that for every q0 there is exactly one q′0 ∈ O9,
q′0 �= q0, such that JL

q0
= JL

q′
0

(for example, JL is the isotropy subgroup of each

of
{[

(0, 0), (1 : 0)
]}

and
{[

(0, 0), (0 : 1)
]}

). Fix q0 ∈ O9 and let p0 ∈ O be

such that ϕ(I0
p0

) = JL
q0

. As we noted at the beginning of the proof of the the-
orem, there are exactly two connected I0

p0
-invariant complex curves Cp0 and

C̃p0 near p0 that intersect O at p0 transversally. The curves f(Cp0 \{p0}) and
f(C̃p0 \{p0}) extend to the two distinct closed JL

q0
-invariant complex curves in

B̂t/Zm \O9 that are equivalent to a punctured disk. Since there are no other
closed JL

q0
-invariant complex curves in B̂t/Zm \O9 equivalent to a punctured

disk, it follows that I0
p′
0
�= I0

p0
for every p′0 ∈ O, p′0 �= p0.

Observe that if q, q′ ∈ O9, q �= q′, are such that JL
q = JL

q′ =: J , then one
of the J-invariant complex curves equivalent to a punctured disk accumulates
to q and the other to q′. Therefore, we can extend F := f−1 to a map from
B̂t/Zm onto M̂ by setting F(q0) := p0, where q0 ∈ O9 and p0 ∈ O are related
as indicated above (hence F is 2-to-1 on O9). As before, it can be shown that
F is continuous on B̂t/Zm and thus is holomorphic there. However, F maps
the complex curve O9 ⊂ B̂t/Zm onto the totally real submanifold O ⊂ M̂ ,
which is impossible. Hence, M ′ cannot be equivalent to Sm,s,t.

We now consider the remaining subcases of case (A). In subcase (j) the
manifold M ′ is holomorphically equivalent to Ss,t for 0 ≤ s < t < ∞ (see
(5.9)). The group Rχ (see (5.10)) acts on C

2 with the only codimension 2
orbit O2 (see (5.13)). The isotropy subgroup of a point (iy0, iv0) ∈ O2 is the
group Jχ

(y0,v0)
of all transformations of the form (5.10) with β = y0 − cos ψ ·

y0 − sin ψ · v0, γ = v0 + sin ψ · y0 − cos ψ · v0, where

A =
(

cos ψ sin ψ
− sin ψ cos ψ

)

,

with ψ ∈ R. Note that these subgroups are maximal compact in Rχ (which
implies that Ip is connected for every p ∈ O), and the isotropy subgroups of
distinct points in O2 do not coincide.

We now argue as in the second part of case (E) for complex curve orbits.
There is a family FS

(y0,v0)
of connected closed complex curves in Ss,t invariant

under the Jχ
(y0,v0)

-action, such that every connected Jχ
(y0,v0)

-invariant complex
curve in Ss,t extends to a curve from FS

(y0,v0)
. The family FS

(0,0) consists of
the connected components of non-empty sets analogous to (5.115), where the
sets on the left must be intersected with Ss,t rather than Ωs,t. Among the
curves from FS

(0,0), only the last two can be equivalent to a punctured disk.
This occurs only for s = 0, in which case the curves accumulate to (0, 0) ∈ O2.
Arguing as before, we can now construct a biholomorphic map between M
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and St (see (5.12)). Clearly, St is equivalent to S1, and we have obtained (i)
of the theorem.

Consider subcase (j”). In this situation M ′ is holomorphically equivalent
to the n-sheeted cover S

(n)
s,t of Ss,t for 0 ≤ s < t < ∞, n ≥ 2 (see (5.15)),

by means of a map f . From the explicit construction of the covers in (4)
it follows that Properties (P) hold for S = Ss,t. Let f̃ := Φ

(n)
χ ◦ f , where

Φ
(n)
χ : S

(n)
s,t → Ss,t is the n-to-1 covering map defined in (5.14). Arguing as

in the case of complex curve orbits when M ′ was assumed to be equivalent
to Ω

(n)
s,t , we extend f̃ to a holomorphic map from M̂ = M ′ ∪O onto St, that

takes O onto O2.
Suppose that the differential of f̃ is degenerate at a point in O. Then,

since f̃ satisfies (3.16), its differential degenerates everywhere on O. Since O
is totally real, it follows that the differential of f̃ is degenerate everywhere
in M̂ . This is impossible since f̃ is a covering map on M ′, and thus f̃ is in
fact non-degenerate at every point of O. Hence, for every p ∈ O there exists
a neighborhood of p in which f̃ is biholomorphic. Fix p0 ∈ O and let Cp0

be a connected Ip0-invariant complex curve intersecting O at p0 transversally
(observe that Ip0 is connected). Then it follows from (c) of Properties (P) that
f(Cp0 \ {p0}) covers f̃(Cp0 \ {p0}) in an n-to-1 fashion, and hence f̃ cannot
be biholomorphic in any neighborhood of p0. This contradiction yields that
M ′ cannot be equivalent to S

(n)
s,t .

Consider subcase (l). In this situation M ′ is holomorphically equivalent
to Es,t for 1 ≤ s < t < ∞ (see (5.23)). The group Rµ (see (5.24)) acts on
CP

2 with the totally real orbit O3 (see (5.27)). Every connected 1-dimensional
compact subgroup of Rµ is conjugate in Rµ to the subgroup Jµ that consists
of all matrices of the form

⎛

⎝

1 0 0
0 cos ψ sinψ
0 − sin ψ cos ψ

⎞

⎠ , (5.118)

where ψ ∈ R (this follows, for instance, from Lemma 2.1 of [IKru1]). It is
straightforward to see that the isotropy subgroup Jµ

q of a point q ∈ O3 un-
der the Rµ-action is conjugate to Jµ (note that Jµ = Jµ

(1:0:0)) and that the
isotropy subgroups of distinct points do not coincide.

There is a family FE
q of connected closed complex curves in Es,t invariant

under the Jµ
q -action, such that every connected Jµ

q -invariant complex curve in
Es,t extends to a curve from FE

q . The family FE
(1:0:0) consists of the connected

components of non-empty sets of the form
{

(ζ : z : w) ∈ CP
2 : z2 + w2 = ρζ2

}

∩ Es,t,{

(ζ : z : w) ∈ CP
2 : z = iw

}

∩ Es,t,{

(ζ : z : w) ∈ CP
2 : z = −iw

}

∩ Es,t,

where ρ ∈ C
∗. Among the curves from FE

(1:0:0), only the last two can be
equivalent to a punctured disk. This occurs only for s = 1, in which case the
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curves accumulate to (1 : 0 : 0) ∈ O3. Arguing as before, we can now construct
a biholomorphic map between M and Et (see (5.26)), which gives (ii) of the
theorem.

Further, in subcase (l”) M ′ is holomorphically equivalent to E
(2)
s,t for some

1 ≤ s < t < ∞ (see (5.30)). Let f be an equivalence map that satisfies (3.16)
for all g ∈ G(M), q ∈ M ′ and some isomorphism ϕ : G(M) → R(2)

µ (see
(5.31)). The group R(2)

µ acts on Q+ (see (5.28)) with the totally real orbit O4

(see (5.36)). All 1-dimensional compact subgroups are described as in subcase
(l) – see (5.118). The isotropy subgroup Jµ(2)

q of a point q ∈ O4 under the

R(2)
µ -action is conjugate to Jµ, and for every q ∈ O4 there exists exactly one

q′ ∈ O4, q′ �= q, for which Jµ(2)

q = Jµ(2)

q′ (note that q′ = −q and Jµ = Jµ(2)

(±1,0,0)).

Again, there is a family FE(2)

q of connected closed complex curves in E
(2)
s,t

invariant under the Jµ(2)

q -action, such that every connected Jµ(2)

q -invariant

complex curve in E
(2)
s,t extends to a curve from FE(2)

q . The family FE(2)

(±1,0,0)

consists of the connected components of non-empty sets of the form
{

(z1, z2, z3) ∈ C
3 : z2

2 + z2
3 = ρz2

1

}

∩ E
(2)
s,t ,

C1 :=
{

(z1, z2, z3) ∈ C
3 : z1 = 1, z2 = iz3

}

∩ E
(2)
s,t ,

C2 :=
{

(z1, z2, z3) ∈ C
3 : z1 = 1, z2 = −iz3

}

∩ E
(2)
s,t ,

C3 :=
{

(z1, z2, z3) ∈ C
3 : z1 = −1, z2 = iz3

}

∩ E
(2)
s,t ,

C4 :=
{

(z1, z2, z3) ∈ C
3 : z1 = −1, z2 = −iz3

}

∩ E
(2)
s,t ,

where ρ ∈ C
∗. Among the curves from FE(2)

(±1,0,0), only Cj can be equivalent to
a punctured disk, which occurs only for s = 1. It then follows that s = 1, and
in this case C1, C2 accumulate to (1, 0, 0) ∈ O4, while C3, C4 accumulate to
(−1, 0, 0) ∈ O4.

Fix p0 ∈ O and let q0 ∈ O4 be such that ϕ(I0
p0

) = Jµ(2)

q0
and such that,

for a I0
p0

-invariant complex curve Cp0 intersecting O at p0 transversally, the
curve f (Cp0 \ {p0}) extends to a complex curve from FE(2)

q0
that accumulates

to q0. We extend F := f−1 to a map from E
(2)
t (see (5.35)) onto M̂ = M ′ ∪O

that takes O4 onto O. Define F(q0) := p0 and for any h ∈ R(2)
µ set F(hq0) :=

ϕ−1(h)p0. Since ϕ−1
(

Jµ(2)

q0

)

⊂ Ip0 , this map is well-defined. Furthermore, the

extended map satisfies (3.17) for all h ∈ R(2)
µ , q ∈ E

(2)
t , and for every q ∈ O4

there exists a Jµ(2)

q -invariant complex curve C in E
(2)
t that intersects O4 at q

transversally and such that F (C \ {q}) is an I0
F(q)-invariant complex curve that

accumulates to F(q). Arguing as in the second part of case (E) for complex
curve orbits, we now obtain that F is holomorphic on E

(2)
t . Further, as in

subcase (j”) above, we see that F is locally biholomorphic in a neighborhood
of every point in O4.

We will now show that F is 1-to-1 on O4. Suppose that for some q, q′ ∈ O4,
q �= q′, we have F(q) = F(q′) = p for some p ∈ O. Since F satisfies (3.17),
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we have Jµ(2)

q = Jµ(2)

q′ = ϕ(I0
p), and therefore q′ = −q. Consider the four

Jµ(2)

q -invariant connected complex curves in E
(2)
1,t equivalent to a punctured

disk; a pair of these curves accumulates to q, while the other pair accumulates
to −q. The curves are mapped by F into four distinct I0

p -invariant complex
curves in M ′ whose extensions in M̂ intersect O transversally at p. However,
as we noted at the beginning of the proof of the theorem, there are exactly
two I0

p -invariant complex curves near p that intersect O transversally at p.

This contradiction yields that F is a biholomorphic map from E
(2)
t onto M̂ .

It can be now shown, as before, that O is the only codimension 2 orbit in
M , which gives that M is holomorphically equivalent to E

(2)
t , and we have

obtained (iii) of the theorem.
It now remains to consider subcases (m), (m”), (n), (n”). We will proceed

as in the situation when a complex curve orbit was assumed to be present in
M . If M ′ is equivalent to one of Ds,t, D

(n)
s,t for n ≥ 2, D

(n)
s,t for n ≥ 1 (where

in the last case we assume that s > −1), we obtain a contradiction since O
is totally real in M whereas O and O(n) for n ≥ 2 are complex curves in
the corresponding manifolds. Further, if M ′ is equivalent to Ωs,t, we obtain
that s = −1 and M is holomorphically equivalent to Ωt. Recalling that Ω1 is
equivalent to ∆2 (see (11)(c)) and excluding the value t = 1, we obtain (iv)
of the theorem. Next, If M ′ is equivalent to D

(1)
−1,t, then M is equivalent to

D̂
(1)
t , which are the manifolds in (ix) of the theorem.

Suppose now that M ′ is equivalent to Ω
(n)
s,t for some −1 ≤ s < t ≤ ∞.

In this case we obtain a holomorphic map f̃ from M̂ onto Ωt that takes O
onto O5 and such that f̃ |M ′ is an n-to-1 covering map from M ′ onto Ω−1,t.
Now, arguing as in subcase (j”), we obtain that the differential of f̃ is non-
degenerate at every point of O which leads to a contradiction. Finally, a similar
argument leads to a contradiction if M ′ is equivalent to D

(n)
−1,t for n ≥ 2.

The proof of Theorem 5.7 is complete.
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Proper Actions

As we have seen, the results presented in Chaps. 1–5 rely to a great extent
on the properness of the Aut(M)-action on a hyperbolic manifold M . Ac-
cordingly, the majority of the results admit (or should admit) generalizations
to the case of proper effective actions by holomorphic transformations on not
necessarily hyperbolic manifolds. In this concluding part of the book we briefly
discuss ways in which generalizations of this kind can be obtained. Apart from
a few special cases, we do not give complete classifications and detailed proofs
here, they will appear in our future work (see e.g. [I6]).

6.1 General Remarks

If G is a topological group acting properly and effectively by diffeomorphisms
on a smooth manifold N (recall that the action is given by a continuous
injective homomorphism Φ : G → Diff(N)), then G is locally compact. The
results of [BM1], [BM2], [MZ] therefore imply that G is a Lie transformation
group, and we denote by dG its dimension. Furthermore, the topology of G
coincides with the pull-back of the compact-open topology by means of Φ (see
e.g. [Bi]), that is, G is isomorphic to Φ(G) as a topological group.

Suppose now that G acts on a connected complex manifold M by holo-
morphic transformations (in this case Φ maps G into Aut(M)). Without loss
of generality we assume that G is realized as a closed subgroup of Aut(M)
(that is, we identify G with Φ(G)). For p ∈ M let OG(p) := {gp : g ∈ G} be
the G-orbit of p, let IG,p := {g ∈ G : gp = p} be the isotropy subgroup in G,
let LG,p := {dgp : g ∈ IG,p} be the corresponding linear isotropy subgroup in
GL(C, Tp(M)), and let αG,p : g �→ dgp be the isotropy representation of IG,p.
Also, let n, as before, denote the complex dimension of M . Then, arguing as
in Sect. 1.2 (see (1.3)), we obtain

dG ≤ n2 + 2n.
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It is natural to formulate the classification problem for complex manifolds
equipped with group actions as the problem of describing pairs (M,G) as
specified above, rather than just manifolds themselves. That is to say, if we
have shown that M is holomorphically equivalent to a model manifold M0, it
is also desirable to find a biholomorphism between M and M0 that transforms
G into a model group G0 ⊂ Aut(M0) whose action on M0 is explicitly given.
With this in mind, we will now discuss ways in which classification results
parallel to those in Chaps. 1–5 can be obtained, assuming that dG ≥ n2 − 1.

First of all, Theorem 1.1 can be generalized by showing that, apart from the
unit ball B

n, there are exactly two – up to holomorphic equivalence – complex
manifolds that admit a proper action of a group G with dG = n2 + 2n. Note
that if dG = n2 +2n, then G acts on M transitively (in which case we say that
M is G-homogeneous or, when doing so does not lead to confusion, simply
homogeneous).

We denote by G (Cn) the group of all holomorphic automorphisms of C
n

of the form
z �→ Uz + a, (6.1)

where U ∈ Un, a ∈ C
n. Clearly, G (Cn) is isomorphic to Un � C

n, has dimen-
sion n2 + 2n and acts properly on C

n. Further, we denote by G (CP
n) the

group of all holomorphic automorphisms of CP
n of the form

ζ �→ Uζ,

where ζ is a point in CP
n given in homogeneous coordinates, and U ∈ SUn+1.

The group G (CP
n) is isomorphic to PSUn+1 := SUn+1/Z, where Z is the

center of SUn+1, has dimension n2 + 2n and acts properly on CP
n. Observe

also that G (CP
n) is a maximal compact subgroup of the complex Lie group

Aut(CP
n) � PSLn+1(C) := SLn+1(C)/Z.

We are now ready to formulate a generalization of Theorem 1.1.

Theorem 6.1. ([Ka]) Let M be a connected complex manifold of dimension
n. Suppose that G ⊂ Aut(M) is a subgroup whose action on M is proper,
and dG = n2 + 2n. Then M is holomorphically equivalent to one of B

n, C
n,

CP
n, and an equivalence map can be chosen so that it transforms G into one

of the groups Aut(Bn), G (Cn), G (CP
n), respectively.

Proof: Fix p ∈ M . As in the proof of Theorem 1.1, we use the fact that LG,p =
Un acts transitively on real directions in Tp(M). By Theorems 1.7 and 1.11,
this implies that M is holomorphically equivalent to one of B

n, C
n, CP

n. Let f
denote an equivalence map. If M is equivalent to B

n, then f clearly transforms
G into Aut(Bn). If M is equivalent to CP

n, then M is compact, and, since
IG,p is compact, it follows that G is compact. Therefore, f transforms G into
a maximal compact subgroup of Aut(CP

n). This subgroup is conjugate to
G (CP

n), and it follows that there exists a biholomorphic map between M
and CP

n that transforms G into G (CP
n). Finally, if M is equivalent to C

n,
the proof of Theorem 1.7 shows that f can be chosen so that it transforms
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IG,p into Un (see Sect. 1.4). Then Satz 4.9 of [Ka] implies that f transforms
G into G (Cn).

The proof is complete.

We note that, instead of using Theorems 1.7 and 1.11, in the proof of The-
orem 6.1 we could refer to the classification of isotropic Riemannian manifolds
as in [Ak] (cf. Remark 1.2).

Next, the proof of Proposition 2.1 yields the following proposition.

Proposition 6.2. ([Ka])Let M be a connected complex manifold of dimen-
sion n. Suppose that G ⊂ Aut(M) is a subgroup whose action on M is proper,
and dG > n2. Then the action of G on M is transitive.

Our study of homogeneous hyperbolic manifolds in Chap. 2 relied on the
fact that every such manifold is known to be holomorphically equivalent to a
Siegel domain of the second kind (see [N], [P-S]), and on the description of
the Lie algebra of the automorphism group of a Siegel domain (see [KMO],
[Sa]). Unfortunately, there exists no analogous set of models for all connected
complex manifolds homogeneous under proper actions. While one may be able
to find some models in special cases (if we think of Siegel domains as a set of
models associated with B

n, there may be sets of models associated with C
n

and CP
n as well), it is hardly possible to have ones in full generality. Indeed,

there are far too many homogeneous manifolds: for example, every complex
Lie group acts properly and effectively on itself by left multiplication. Since
no uniform approach to G-homogeneous manifolds seems to exist, one has to
deal with them on a case-by-case basis. We will now briefly explain how it can
be done for high-dimensional groups. From now on we assume that n ≥ 2.

Suppose that n2 + 3 ≤ dG < n2 + 2n. Fix p ∈ M . Then, arguing as
in the proof of Theorem 1.3, we see that either LG,p = Un or L0

G,p = SUn

or, for n = 4, L0
G,p is conjugate in U4 to eiRSp2. In each of the cases, LG,p

acts transitively on real directions in Tp(M), and therefore Theorems 1.7 and
1.11 imply that M is holomorphically equivalent to one of B

n, C
n, CP

n (see
[IKra2]).

If LG,p = Un, then dG = n2 + 2n, which is impossible. Suppose that
L0

G,p = SUn. Then dG = n2 + 2n − 1. This is, however, impossible either if
M is equivalent to B

n since the group Aut(Bn) does not have codimension
1 subgroups for n ≥ 2 (see [EaI]). If M is equivalent to CP

n by means of a
map f , then G is compact, and therefore f transforms G into a codimension 1
subgroup of a maximal compact subgroup of Aut(CP

n). Hence there exists a
biholomorphic map between M and CP

n that transforms G into a codimension
1 subgroup of G (CP

n). However, by Lemma 1.4 the group SUn+1/Z does not
have closed codimension 1 subgroups.1 Further, observe that Aut(Cn) does
contain an (n2 + 2n− 1)-dimensional subgroup whose action on C

n is proper,

1As Dmitri Akhiezer pointed out to us, this fact also follows from a more general
classical result of S. Lie that can be found in [Lie].
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namely, the subgroup G1 (Cn) ⊂ G (Cn) that consists of all maps of the form
(6.1) with U ∈ SUn. In addition, there are disconnected subgroups of Aut(Cn)
acting properly on C

n whose connected identity component coincides with
G1 (Cn), and one can show that a biholomorphic equivalence f between M
and C

n can be chosen so that it transforms G0 into G1 (Cn) (note that it
follows from the construction given in the proof of Theorem 1.7 that f can be
chosen so that it transforms I0

G,p into SUn – see Sect. 1.4).
Similarly, if n = 4 and L0

G,p is conjugate to eiRSp2 in U4, one needs to inves-
tigate for each of B

4, C
4, CP

4 the question of the existence of a corresponding
19-dimensional subgroup of Aut(B4), Aut

(

C
4
)

, Aut
(

CP
4
)

acting properly on
the respective manifold. Regarding this, we note here that if M is equivalent to
CP

4, then any equivalence map transforms G into a 19-dimensional subgroup
of a maximal compact subgroup of Aut(CP

4). Hence there exists a biholo-
morphic map between M and CP

4 that transforms G into a 19-dimensional
subgroup of G

(

CP
4
)

. However, by Lemma 1.4 the group SU5/Z does not
have closed 19-dimensional subgroups. Observe also that Aut(C4) has a 19-
dimensional subgroup whose action on C

4 is proper, namely, the subgroup
G2(C4) that consists of all maps of the form (6.1) for n = 4 with U ∈ eiRSp2.
It is possible to show that M is indeed equivalent to C

4 and that an equiva-
lence map can be chosen so that it transforms G0 into G2(C4).

Next, let dG = n2 + 2 and fix p ∈ M . In this case LG,p has dimension
n2 − 2n + 2, and the proof of Lemma 1.4 shows that L0

G,p is conjugate either
to U1 × Un−1 in Un or, for n = 4, to Sp2 in U4. In the latter case LG,p acts
transitively on real directions in Tp(M), and therefore, as earlier, we obtain
that M is holomorphically equivalent to one of B

4, C
4, CP

4. It can be shown
that M in fact can only be equivalent to C

4 and that an equivalence map can
be chosen to transform G0 into the subgroup G3(C4) that consists of all maps
of the form (6.1) for n = 4 with U ∈ Sp2. In the former case locally near p there
are exactly two I0

G,p-invariant germs of submanifolds of M corresponding to
the 1- and (n− 1)-dimensional L0

G,p-invariant subspaces of Tp(M), and, using
this fact, we expect to be able to show that M is holomorphically equivalent
to a product M ′ × S, where dimCM ′ = n − 1, and S is a Riemann surface.
This structure should lead to product manifolds with M ′ being one of B

n−1,
C

n−1, CP
n−1, and S being one of ∆, C, CP

1.
Studying the actions of isotropy subgroups becomes harder as dG de-

creases, but it still looks tractable. Closed connected subgroups of Un of
dimensions (n − 1)2 and n2 − 2n (corresponding to the cases dG = n2 + 1
and dG = n2) were described in Lemmas 2.1 and 4.2 of [IKru1], respectively.
We also have an analogous description for (n2−2n−1)-dimensional subgroups
of Un corresponding to the case dG = n2 − 1, for n ≥ 3.

We note that all complex manifolds of dimensions 2 and 3 homogeneous
under Lie group actions were determined in [HL], [OR], [Wi], and thus in the
study of the homogeneous case one can in fact assume that n ≥ 4.
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As we have seen in Chaps. 1–5, homogeneous manifolds make up only a
small portion of our classification of hyperbolic manifolds. We do not expect
to obtain a large number of G-homogeneous manifolds for general proper
actions either. Most likely, the vast majority of manifolds will arise from the
non-homogeneous case.

Due to Proposition 6.2, non-homogeneous manifolds can only occur for
dG = n2 and dG = n2 − 1. It seems that in these cases one can completely
classify all connected non-homogeneous manifolds of dimension n ≥ 2 by ap-
propriately modifying our arguments in Chaps. 3–5. For example, Proposition
3.2 generalizes as follows.

Proposition 6.3. Let M be a connected non-homogeneous complex manifold
of dimension n ≥ 2. Suppose that G ⊂ Aut(M) is a connected subgroup whose
action on M is proper, and dG = n2. Fix p ∈ M and let V := Tp(OG(p)). Then

(i) either the orbit OG(p) is a real or complex closed hypersurface in M , or p
is a fixed point of the G-action;

(ii) if OG(p) is a real hypersurface, it is either spherical, or Levi-flat and foli-
ated by manifolds holomorphically equivalent to one of B

n−1, C
n−1, CP

n−1;
there exist coordinates in Tp(M) such that – with respect to the orthogonal
decomposition Tp(M) = (V ∩ iV )⊥ ⊕ (V ∩ iV ) – the group LG,p is either
{id}×Un−1 or Z2 ×Un−1, and the latter can only occur if OG(p) is Levi-flat;

(iii) if OG(p) is a complex hypersurface, it is holomorphically equivalent to
one of B

n−1, C
n−1, CP

n−1; there exist coordinates in Tp(M) such that – with
respect to the orthogonal decomposition Tp(M) = (V ∩ iV )⊥ ⊕ (V ∩ iV ) –
we have LG,p = U1 × Un−1, the subgroup I ′G,p := α−1

G,p(U1) is normal in G,
and a biholomorphism between OG(p) and the corresponding manifold among
B

n−1, C
n−1, CP

n−1 can be chosen so that it transforms G/I ′G,p (regarded as

a subgroup of Aut(OG(p))) into one of Aut(Bn−1), G
(

C
n−1

)

, G
(

CP
n−1

)

, re-
spectively; there are at most two complex hypersurface orbits in M ;

(iv) if p is a fixed point of the G-action, then G is isomorphic to Un, the
manifold M is holomorphically equivalent to one of B

n, C
n, CP

n, and an
equivalence can be chosen so that it transforms G into Un regarded in the
standard way as a subgroup of one of Aut(Bn), G (Cn), G (CP

n), respectively.

Proof: As in the proof of Proposition 3.2, we consider the three cases, with
differences occurring only in Cases 1 and 2.

In Case 1 we obtain, as before, that either d = 0 or d = n − 1. If d = 0,
then OG(p) = {p}, that is, p is a fixed point of the G-action. Then G = IG,p

is compact, and Folgerung 1.10 of [Ka] implies that G is isomorphic to Un,
the manifold M is holomorphically equivalent to one of B

n, C
n, CP

n, and an
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equivalence can be chosen so that it transforms G into Un regarded in the
standard way as a subgroup of one of Aut(Bn), G (Cn), G (CP

n), respectively.
If d = n − 1, then, as before, OG(p) is a complex closed hypersurface

in M , and LG,p = U1 × Un−1, which implies that LG,p acts transitively on
real directions in V . Thus, by Theorems 1.7 and 1.11, the orbit OG(p) is
holomorphically equivalent to one of B

n−1, C
n−1, CP

n−1. Next, the group
G/I ′G,p acts effectively on OG(p) and has dimension n2 − 1 = (n − 1)2 +
2(n − 1). Then Theorem 6.1 yields that a biholomorphism between OG(p)
and the corresponding manifold among B

n−1, C
n−1, CP

n−1 can be chosen so
that it transforms G/I ′G,p (regarded as a subgroup of Aut(OG(p))) into one
of Aut(Bn−1), G

(

C
n−1

)

, G
(

CP
n−1

)

, respectively.
In Case 2 we obtain, as before, that OG(p) is a closed real hypersurface

in M , and that OG(p) is either strongly pseudoconvex (in which case LG,p =
{id} × Un−1) or Levi-flat (in which case LG,p ⊂ Z2 × Un−1). Supposing that
OG(p) is Levi-flat and considering the leaf O(p)p of the corresponding foliation
passing through p, we see that LG,p acts transitively on real directions in
Tp(O(p)p) which gives that O(p)p is holomorphically equivalent to one of B

n−1,
C

n−1, CP
n−1. Supposing that OG(p) is strongly pseudoconvex, we obtain, as

before, that it is spherical.
The proof is complete.

Full generalizations of the classifications from Chaps. 3–5 will appear in our
future work. We close the book by briefly outlining our classification results
in two special cases, where G is isomorphic to either Un (here dG = n2) or
SUn (here dG = n2 − 1); details can be found in [IKru1], [IKru2].

6.2 The Case G � Un

In this section we reproduce from [IKru1] our classification of connected com-
plex manifolds of dimension n ≥ 2 that admit an effective action of the group
Un by holomorphic transformations. According to Proposition 6.3, for a point
p ∈ M the orbit of p is one of the following: a single point, all of M (in this
case M is compact), a real compact hypersurface in M , a complex compact
hypersurface in M .

Manifolds that admit an action with a fixed point have been described in
(iv) of Proposition 6.3. Taking into account that, up to inner automorphisms,
every automorphism of Un is either the identity or g �→ g for g ∈ Un, we
obtain the following slightly more precise statement.

Proposition 6.4. Let M be a connected complex manifold of dimension n
endowed with an effective action of Un by holomorphic transformations that
has a fixed point. Then M is holomorphically equivalent to one of B

n, C
n,

CP
n. A holomorphic equivalence f can be chosen to satisfy either the relation

f(gq) = gf(q), (6.2)
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or the relation
f(gq) = gf(q), (6.3)

for all g ∈ Un and q ∈ M .

Next, we consider manifolds homogeneous under a Un-action. We start
with an example of such a manifold. For d ∈ C

∗, |d| �= 1, let Md be the Hopf
manifold constructed by identifying every point z ∈ C

n \ {0} with d · z, and
let [z] be the equivalence class of z. Choose a complex number λ such that
e

2π(λ−i)
nK = d for some K ∈ Z \ {0}, and define an action of Un on Md as

follows. Represent every g ∈ Un as g = eit · h, where t ∈ R, h ∈ SUn, and set

g[z] := [eλt · hz]. (6.4)

We will now verify that this action is well-defined. Indeed, the same element
g ∈ Un can be also represented in the form g = ei(t+ 2πk

n +2πl) · (e−
2πik

n h),
0 ≤ k ≤ n − 1, l ∈ Z. Then formula (6.4) yields

g[z] = [eλ(t+ 2πk
n +2πl) · e− 2πik

n hz] = [dkK+nKleλt · hz] = [eλt · hz],

as required. It is also clear that definition (6.4) does not depend on the choice
of representative in the class [z].

The action so defined is obviously transitive. It is also effective. For let
eit · h[z] = [z] for some t ∈ R, h ∈ SUn, and all z ∈ C

n \ {0}. Then for some
k ∈ Z we have h = e

2πik
n · id, and for some s ∈ Z the following holds

eλt · e 2πik
n = ds.

Using the definition of λ we obtain

t =
2πs

nK
, e

2πik
n = e−

2πis
nK .

Hence eit · h = id, and thus the action is effective.
Another example is provided by quotients of Hopf manifolds Md/Zm ob-

tained from Md by identifying [z] and [e
2πi
m z], m ∈ N. Let {[z]} ∈ Md/Zm

be the equivalence class of [z]. We define an action of Un on Md/Zm by the
formula g{[z]} := {g[z]} for g ∈ Un. This action is clearly transitive; it is also
effective, for example, if (n,m) = 1 and (K,m) = 1.

In fact, there are many effective transitive Un-actions on quotients of Hopf
manifolds, and it is possible to give a complete description of all such actions
(see [I1]). Since there is no canonical transitive Un-action in this situation, the
following theorem deals with SUn-equivariance rather than Un-equivariance
of the equivalence map.

Theorem 6.5. ([IKru1]) Let M be a connected complex manifold of dimen-
sion n ≥ 2 endowed with an effective transitive action of Un by holomorphic
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transformations. Then M is holomorphically equivalent to Md/Zm for some
d ∈ C

∗, |d| �= 1, where m ∈ N and (n,m) = 1. A holomorphic equivalence
f : M → Md/Zm can be chosen to satisfy either relation (6.2) or, for n ≥ 3,
relation (6.3) for all g ∈ SUn and q ∈ M (here Md/Zm is considered with the
standard action of SUn).

We now turn to the case when all orbits of the Un-action are real hyper-
surfaces. All such manifolds are classified in the following theorem.

Theorem 6.6. ([IKru1]) Let M be a connected complex manifold of dimen-
sion n ≥ 2 endowed with an effective action of Un by holomorphic transforma-
tions. Suppose that all orbits of this action are real hypersurfaces. Then there
exists k ∈ Z such that, for m = |nk + 1|, the manifold M is holomorphically
equivalent to one of the following manifolds:
(i) Sr/Zm for some 0 ≤ r < 1 (see (2.1));
(ii) S′

r/Zm, where S′
r := {z ∈ C

n : |z| > r} and r ∈ {0, 1};
(iii) Md/Zm for some d ∈ C

∗, |d| �= 1.
A holomorphic equivalence f can be chosen to satisfy either the relation

f(gq) = ϕ−1(g)f(q), (6.5)

or the relation
f(gq) = ϕ−1(g)f(q), (6.6)

for all g ∈ Un and q ∈ M , where ϕ is the isomorphism

ϕ : Un/Zm → Un, ϕ(gZm) = (det g)k · g, g ∈ Un, (6.7)

and Sr/Zm, S′
r/Zm, Md/Zm are equipped with the standard actions of

Un/Zm.

We note in passing that many “Hopf-like” manifolds that admit proper
effective actions of n2-dimensional groups for which every orbit is a real hy-
persurface, were ruled out as non-hyperbolic at step (IV) of the orbit gluing
procedure in Sect. 3.4 (see the manifolds MF̂ there). All such manifolds must
of course be included in a general classification for dG = n2.

We will now allow complex hypersurface orbits to be present in a manifold.
Let B̂n, Ĉn and ĈPn denote the blow-ups at the origin of B

n, C
n and CP

n,
respectively (cf. (5.117)). Further, let S̃′

r be the union of S′
r and the hyper-

surface at infinity in CP
n. Each of B̂n, Ĉn, S̃′

r has one complex hypersurface
orbit under the standard Un-actions, and ĈPn has two such orbits. We are
now ready to formulate the final classification result of this section.

Theorem 6.7. ([IKru1]) Let M be a connected complex manifold of dimen-
sion n ≥ 2 endowed with an effective action of Un by holomorphic transfor-
mations. Suppose that each orbit of this action is either a real or complex
hypersurface and at least one orbit is a complex hypersurface. Then there
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exists k ∈ Z such that, for m = |nk + 1|, the manifold M is holomorphically
equivalent to one of the following manifolds:

(i) B̂n/Zm;

(ii) Ĉn/Zm;

(iii) ĈPn/Zm;
(iv) S̃′

r/Zm, where r ∈ {0, 1}.
A holomorphic equivalence can be chosen to satisfy either relation (6.5) or

relation (6.6) for all g ∈ Un and q ∈ M , where B̂n/Zm, Ĉn/Zm, ĈPn/Zm,
S̃′

r/Zm are equipped with the standard actions of Un/Zm.

Thus, Proposition 6.4 and Theorems 6.5, 6.6 and 6.7 give a complete clas-
sification of all complex manifolds of dimension n ≥ 2 that admit effective
actions of Un by holomorphic transformations.

6.3 The Case G � SUn

In this section we reproduce a classification of connected complex manifolds of
dimension n ≥ 2 that admit effective actions of the group SUn by holomorphic
transformations (see [IKru2]). Certainly, all manifolds listed in Proposition 6.4
and Theorems 6.5, 6.6, 6.7 are part of this classification. However, as we will
see below, there are manifolds that admit an action of SUn without admitting
an action of Un.

First of all, it can be shown that if M is a connected complex manifold
of dimension n ≥ 2 endowed with an effective action of SUn by holomorphic
transformations, then for a point p ∈ M the orbit of p is one of the follow-
ing: a single point, a real compact hypersurface in M , a complex compact
hypersurface in M (note that M cannot be homogeneous in this case).

Next, in the fixed point case one can prove the following analogue of Propo-
sition 6.4.

Proposition 6.8. ([IKru2])Let M be a connected complex manifold of di-
mension n ≥ 2 endowed with an effective action of SUn by holomorphic
transformations that has a fixed point. Then M is holomorphically equivalent
to one of B

n, C
n, CP

n. A holomorphic equivalence can be chosen to satisfy
either relation (6.2) or, for n ≥ 3, relation (6.3) for all g ∈ SUn and q ∈ M .

To formulate an analogue of Theorem 6.6, for s ≥ 1 we set

E(4)
s,∞ :=

{

(z, w) ∈ M (4)
µ : |z|2 + |w|2 >

√

(s − 1)/2
}

(see (7)(a)). These manifolds are not hyperbolic and extend the family E
(4)
s,t

(see (5.30)) originally introduced for 1 ≤ s < t < ∞. Our next result is the
following theorem.
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Theorem 6.9. ([IKru2]) Let M be a connected complex manifold of dimen-
sion n ≥ 2 endowed with an effective action of SUn by holomorphic transfor-
mations. Assume that all orbits of this action are real hypersurfaces. Then M
is holomorphically equivalent to one of the following manifolds:
(i) Sr/Zm for some 0 ≤ r < 1;
(ii) S′

r/Zm for some r ∈ {0, 1};
(iii) Md/Zm for some d ∈ C

∗, |d| �= 1;

(iv) E
(4)
s,t for some 1 ≤ s < t ≤ ∞ (here n = 2),

where m ∈ N, (n,m) = 1. A holomorphic equivalence can be chosen to satisfy
either relation (6.2) or, for n ≥ 3, relation (6.3) for all g ∈ SUn and q ∈ M

(here E
(4)
s,t is considered with the standard action of SU2).

Finally, we allow complex hypersurface orbits to be present in the manifold.
Recall that the manifold M

(4)
µ introduced in (7)(a) is in fact C

2 \ {0} with
a non-standard complex structure obtained by pull-back under the map Φµ

(see (5.29)). It is straightforward to show from the explicit form of Φµ that
the complex structure of M

(4)
µ extends to a complex structure on CP

2 \ {0}.
We denote CP

2 \ {0} with this extended complex structure by M̃
(4)
µ . Let O10

be the complex curve at infinity in CP
2 (clearly, M̃

(4)
µ = M

(4)
µ ∪ O10). In

the complex structure of M̃
(4)
µ the set O10 is a complex curve whose complex

structure is identical to that induced from CP
2. The action of SU2 on M

(4)
µ

extends to an action by holomorphic transformations on all of M̃
(4)
µ , and O10

is an orbit of this action. For s ≥ 1 we now define

Ẽ(4)
s := E(4)

s,∞ ∪ O10.

Our final classification result is the following theorem.

Theorem 6.10. ([IKru2])Let M be a connected complex manifold of dimen-
sion n ≥ 2 endowed with an effective action of SUn by holomorphic trans-
formations. Suppose that each orbit of this action is either a real or complex
hypersurface and at least one orbit is a complex hypersurface. Then M is
holomorphically equivalent to one of the following manifolds:

(i) B̂n/Zm;

(ii) Ĉn/Zm;

(iii) ĈPn/Zm;
(iv) S̃′

r/Zm for some r ∈ {0, 1};
(v) Ẽ

(4)
s for some s ≥ 1 (here n = 2),

where m ∈ N, (n,m) = 1. A holomorphic equivalence can be chosen to satisfy
either relation (6.2) or, for n ≥ 3, relation (6.3) for all g ∈ SUn and q ∈ M .

Thus, Proposition 6.8 and Theorems 6.9, 6.10 give a complete classification
of all complex manifolds of dimension n ≥ 2 that admit effective actions of
SUn by holomorphic transformations. Among the manifolds listed there only
E

(4)
s,t and Ẽ

(4)
s do not admit an action of the unitary group.
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Notas de Matemática 69, North Holland Publishing Co., Amsterdam, New
York (1980)

[FIK] Fu, S., Isaev, A. V., Krantz, S. G.: Reinhardt domains with non-compact
automorphism groups. Math. Res. Letters, 3, 109–122 (1996)



References 133

[GIK] Gifford, J. A., Isaev, A. V., Krantz, S. G.: On the dimensions of the
automorphism groups of hyperbolic Reinhardt domains. Illinois J. Math.,
44, 602–618 (2000)

[GG] Goto, M., Grosshans, F.: Semisimple Lie Algebras. Lecture Notes in Pure
and Applied Mathematics, Vol. 38, Marcel Dekker, Inc., New York, Basel
(1978)

[GK] Greene, R. E., Krantz, S. G.: Characterization of complex manifolds
by the isotropy subgroups of their automorphism groups. Indiana Univ.
Math. J., 34, 865–879 (1985)

[HL] Huckleberry, A. T., Livorni, E. L.: A classification of homogeneous sur-
faces. Canad. J. Math., 33, 1097–1110 (1981)

[I1] Isaev, A., V.: Rotationally invariant complex manifolds. Proc. 6th Ko-
rean Several Complex Variables Symp., Gyeong-Ju, 14-18 August, 2002,
J. Korean Math. Soc., 40, 391–408 (2003)

[I2] Isaev, A. V.: Hyperbolic n-dimensional manifolds with automorphism
group of dimension n2. To appear in Geom. Funct. Anal. (GAFA)

[I3] Isaev, A. V.: Hyperbolic manifolds of dimension n with automorphism
group of dimension n2 − 1. J. Geom. Analysis, 15, 239–259 (2005)

[I4] Isaev, A. V.: Analogues of Rossi’s map and E. Cartan’s classification of
homogeneous strongly pseudoconvex 3-dimensional hypersurfaces. J. Lie
Theory, 16, 407–426 (2006)

[I5] Isaev, A. V.: Hyperbolic 2-dimensional manifolds with 3-dimensional au-
tomorphism group. Preprint, available from http://front.math.ucdavis.
edu/math.CV/0509030

[I6] Isaev, A. V.: Proper actions of high-dimensional groups on com-
plex manifolds. Preprint, available from http://front.math.ucdavis.edu/
math.CV/0610311

[IKra1] Isaev, A. V., Krantz, S. G.: Invariant distances and metrics in complex
analysis. Notices Amer. Math. Soc., 47, 546–553 (2000)

[IKra2] Isaev, A. V., Krantz, S. G.: On the automorphism groups of hyperbolic
manifolds. J. Reine Angew. Math., 534, 187–194 (2001)

[IKru1] Isaev, A. V., Kruzhilin, N. G.: Effective actions of the unitary group on
complex manifolds. Canad. J. Math., 54, 1254–1279 (2002)

[IKru2] Isaev, A. V., Kruzhilin, N. G.: Effective actions of SUn on complex n-
dimensional manifolds. Illinois J. Math., 48, 37–57 (2004)

[JP] Jarnicki, M., Pflug, P.: Invariant Metrics and Distances in Complex Analy-
sis. de Gruyter Expositions in Mathematics, 9, Walter de Gruyter & Co.,
Berlin (1993)

[Ka] Kaup, W.: Reelle Transformationsgruppen und invariante Metriken auf
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Ẽ

(4)
s , 130

εα, 34
ε′α, 80
ξ, 63
d(M), 4
dp(N), 15
dgp, 4
gq, 38, 54, 91
gp, 1
C, 43, 97
C′, 96
C0, 43
Lm, 34, 80
O, 70
O(2), 75
O(2n), 75
O(1)

0 , 76

O(∞)
0 , 78

O(n)
0 , 78

O1, 63
O′

1, 90
O2, 64
O3, 67
O4, 68
O5, 69
O6, 76
O7, 107
O8, 107
P, 84
R(1), 73
R(∞), 72
R(n), 72
Rχ, 64
Rη, 70

Rµ, 67

R(2)
µ , 68

Rν , 69
T , 84
D

(1)
s , 77

D
(∞)
s , 79

D
(n)
s , 78

D
(1)
s,t , 77

D
(∞)
s,t , 79

D
(n)
s,t , 78

G, 63
St, 64
Ss,t, 64

S
(∞)
s,t , 65

S
(n)
s,t , 65

Vα, 84
V∞, 84
g(M), 10, 38, 54, 91
lq, 38, 54, 91
m, 37, 56, 84
gln, 8
(2,3)-manifold, 18
| · |, 13

action by diffeomorphisms, 1
action by holomorphic transformations,

2
action map, 1

blow-up, 115
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Commuting Projećtions: A Vector Measure Approach
(1999)
Vol. 1712: N. Schwartz, J. J. Madden, Semi-algebraic
Function Rings and Reflectors of Partially Ordered
Rings (1999)
Vol. 1713: F. Bethuel, G. Huisken, S. Müller, K. Stef-
fen, Calculus of Variations and Geometric Evolution Prob-
lems. Cetraro, 1996. Editors: S. Hildebrandt, M. Struwe
(1999)
Vol. 1714: O. Diekmann, R. Durrett, K. P. Hadeler,
P. K. Maini, H. L. Smith, Mathematics Inspired by Biol-
ogy. Martina Franca, 1997. Editors: V. Capasso, O. Diek-
mann (1999)
Vol. 1715: N. V. Krylov, M. Röckner, J. Zabczyk, Stochas-
tic PDE’s and Kolmogorov Equations in Infinite Dimen-
sions. Cetraro, 1998. Editor: G. Da Prato (1999)
Vol. 1716: J. Coates, R. Greenberg, K. A. Ribet, K. Ru-
bin, Arithmetic Theory of Elliptic Curves. Cetraro, 1997.
Editor: C. Viola (1999)
Vol. 1717: J. Bertoin, F. Martinelli, Y. Peres, Lectures
on Probability Theory and Statistics. Saint-Flour, 1997.
Editor: P. Bernard (1999)
Vol. 1718: A. Eberle, Uniqueness and Non-Uniqueness
of Semigroups Generated by Singular Diffusion Opera-
tors (1999)
Vol. 1719: K. R. Meyer, Periodic Solutions of the N-Body
Problem (1999)
Vol. 1720: D. Elworthy, Y. Le Jan, X-M. Li, On the Geo-
metry of Diffusion Operators and Stochastic Flows (1999)
Vol. 1721: A. Iarrobino, V. Kanev, Power Sums, Goren-
stein Algebras, and Determinantal Loci (1999)
Vol. 1722: R. McCutcheon, Elemental Methods in Ergodic
Ramsey Theory (1999)
Vol. 1723: J. P. Croisille, C. Lebeau, Diffraction by an
Immersed Elastic Wedge (1999)
Vol. 1724: V. N. Kolokoltsov, Semiclassical Analysis for
Diffusions and Stochastic Processes (2000)
Vol. 1725: D. A. Wolf-Gladrow, Lattice-Gas Cellular
Automata and Lattice Boltzmann Models (2000)
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